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PREFACE. 



The recent Statute concerning the Examin- 
ations for the Degree of B.A. has established a 
School of Natural Science, and has enacted, that no 
Student should receive a " Testamur" in this 
School, unless he exhibits an acquaintance with 
the elements of at least two out of the three great 
divisions of Natural Science, viz. Mechanical 
Philosophy, Chemistry, and Physiology ; and also 
with some Physical Science dependent on Mecha- 
nical Philosophy. The words of the Statute are, 

" In hac Schola nullus Candidatus Testimonio 
dignus habeatur, nisi Principiis Philosophiae 
MechanicsB, Chemiae et Physiologiae vel trijum 
harum Scientiae Naturalis partium duabus saltern 
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sit imbutus et insuper in Disciplina quadam Phy- 
sica quae ex Philosophia M echanica pendet, ita 
profecerit, ut Examinatoribus satisfaciat," 

The Statute further enacts, that for Honorary 
Distinction the Candidate must have a more ex- 
tended knowledge of all the three divisions above 
mentioned, and an exact acquaintance with some 

one or more of the subordinate Sciences. 

The accompanying volume has been commenced 
in order to supply the Student with a Text Book 
for the elements of one of the three great divisions 
of Science mentioned in the Statute. It is shewn 
in the Introduction in what manner all the Natural 
Sciences may be brought under those three heads: 
although at the same time it is not supposed that 
this or any other arrangement is complete or in 
all ;respects satisfactory. The remarks which are 
there added will point out the impossibility of 
making any such classification exact. In fact, the 
three Sciences which are called Mechanical Philo- 
sophy, Chemical Philosophy, and Physiology, 
ought to be regarded rather as lying at the root 
of the Physical Sciences than as containing them 



PREFACE. V 

all. For this reason they are called by Dr. Dau- 
beny, (in the Pamphlet referred to,) the Primary 
Sciences, the other Sciences being special or suh- 
ordinate. The elements of these three Primary 
Sciences ought to form part of every complete 
system of education. The classification is given, 
that the Student may observe the relation of any 
special Science which he may study to the other 
departments of knowledge. 

The Part now published contains only so much 
of the elements of Mechanical Philosophy as is 
usually expressed under the title of Mechanics. 
It pretends to no more than that which the title 
assumes, viz. to be a Text Book, which the 
Student must fill up by reading or attendance at 
Lectures. It may be found perhaps that the sub- 
ject has been carried farther than can be required 
of Candidates for an ordinary Degree, but the 
Book is designed for Candidates for Honours, as 
well as for those who desire only to obtain a 
" Testamur.^'' In order to mark distinctly the 
important conclusions of the Science, the form of 
enunciation by Propositions printed in a different 
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type, has been for the most part observed. Mathe- 
matical reasoning and Mathematical formulsB have 
been avoided, except in cases where it would not 
have been possible to have exhibited conclusions 
without much circumlocution, and consequently 
with a loss of clearness. No more Mathematics, 
however, are required for the whole volume than 
a knowledge of the early part of Euclid, the com- 
mon symbols of Algebra, the definitions of Trigo- 
nometry, and the chief property of the Parabola. 

Part II. containing the elements of Hydrostatics 
and Pneumatics, is in preparation, and will shortly 
be published : and it will be followed by other 
Parts, containing the elements of the other 
Sciences, which are usually classed under the head 
of Mechanical Philosophy. 

October- 18, 1851. 
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DIVISION OF THE PHYSICAL SCIENCES. 

1. Physical Science, in its widest acceptation, 
includes every investigation into the nature, 
properties, and changes of the various bodies of 
the material universe: it examines every form 
of matter which exists in the creation of God, 
every thing which is the subject of change: 
the changes themselves, the causes of those 
changes, and the laws by which those changes 
are regulated. 

2. This general definition leads at once to 
two great divisions. The investigation may be 
with a view to classification and arrangement; 
it may be merely a science of observation, in 
which case it is properly called Natural History: 
or it may enquire, into the causes and the laws of 

B 
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the changes which the forms of matter undergo, 
and thus may be that which is more properly 
called Physical Science. 

3. But material bodies may be distributed 
into two classes; viz. organized (or animate) 
bodies, and unorganized (or inanimate) bodies: 
and thus we divide Physical Science into the 
two branches of Physiology and PhysicSy in the 
restricted sense in which the term is frequently 
employed. 

4. Physiology, therefore, will comprehend 
every enquiry into the condition, properties, 
and changes of the bodies of the animal and 
vegetable kingdoms. The substances which belong 
to those kingdoms have all peculiar organisms 
adapted for appropriate functions; and they 
have a principle of vitality by which they are 
clearly distinguished from the other substances 
in nature ; this principle of life is retained 
only for a time, when they sink into the class of 
inanimate bodies, but their organizations are 
still the subject of Physiological research. 

5. Physics, in the more limited sense, investi- 
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gates the properties of unorganized bodies, the 
forces which act upon them, and the changes 
they undergo : but these properties and forces 
and changes may be either internal or external; 
and if we are engaged on the in^erna^ properties 
and changes, we are within the province of 
Chemical Philosophy ,* but if on the external, we 
are in the province of Mechanical Philosophy. 

6. Chemical Philosophy may then be said to 
treat of the individual properties of unorganized 
bodies, by which, as regards their material con- 
stitution, they may be distinguished from one 
another, to investigate the transformations which 
take place within the body, and by which the 
very substance of the body may seem altered ; 
and also to enquire into the laws by which those 
transformations are regulated. 

7, Mechanical Philosophy^ on the other hand, 
teaches the general properties of unorganized 
bodies, the forces which act upon them, the laws 
which they obey, the results thus produced, and 
all those external changes which leave the sub- 
stance of the body unaffected. 
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8. All the Physical Sciences may be brought 
under one or the other of the three great divi- 
sions % Physiology y Chemical Philosophy ^ and 
Mechanical Philosophy : but it may be observed, 
that a science bearing one and the same name, 
may come under a different head, according to 
the principle and method of investigation. For 
instance, Chemistry is naturally placed under 
the department of Chemical Philosophy, but 
when applied to animal and vegetable phaeno- 
mena, it is strictly Physiological. Thus also 
Geology may be regarded in one sense as Phy- 
siological ; it is Mechanical when it assumes the 
name of Dynamic Geology, and it is a branch 
of Natural History when it merely tabulates, 
records, or arranges its observations. 

9. Mechanical Philosophy is indeed essentially 
mathematical, and for its accurate study it re- 
quires the aid of mathematical symbols and 

* This divisioD accords with that given in a pamphlet, 
entitled, "Brief Remarks on the Correlation of the Natural 
Sciences, hy Charles Dauheny, M.D. Professor of Chemistry 
and Botany. Oxford, 1848." 
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matbematical reasonings; but for the purpose 
of elementary instruction, we may deduce its 
principles from experience and observation : we 
may present the conclusions which are deduced 
by mathematical investigations, and illustrate 
them by experiments and facts. And further 
than this, by proper arrangement of experiments 
we may make advances in the science, and so 
point out the course which should be taken by 
the stricter scrutiny of mathematical enquiry. 
It is this which is the office of Experimental 
Philosophy. 

10. Material substances are commonly ar- 
ranged in two classes. Those of the first class 
are called ponderable bodies, or sometimes co- 
ercible, or sometimes tangible : those of the other 
class are imponderable^ or incoercible^ or intangible. 
Ponderable bodies again are subdivided, as solid, 
liquidy or aeriform^; and, according to these 
distinctions. Mechanical Philosophy comprehends 

b The subdivision anticipates the remarks made in tlie follow- 
ing chapter, but it has been thought best to introduce it at once, 
in order to complete the classification. 
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several scieuces^ as may be seen in the following 
table. 



O 

o 
13^ 



o 

V 



as treatiDg of 

Ponderable 

Bodies 

as treating of 
Imponderables 



solid = Mechanics properly so called* 
liquid = Hydrostatics 
aeriform a Pnemnatics 

f Light 
Heat 
Electricity 



11. According to this division, the great Science 
of Astronomy is a branch of Mechanics, as the 
terra Celestial Mechanics clearly indicates; yet 
again, when it is a mere science of observation, 
its place is rather under Natural History. Astro- 
nomy is, however, of such importance and in- 
terest, that it requires a distinct discussion ; but 
it will be necessary for the student of Mechanical 
Philosophy to apply the principles of Mechanics 
to the heavenly bodies, and to obtain illustrations 
and instances from their motions. 

« Sir J. Herschel, in his elegant Discourse on the Study of 
Natural Philosophy, (Lardner's Cabinet Cyclopaedia,) suggests, 
that what is commonly called Mechanics, might without im- 
propriety be called Stereostatics. 
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12. The Science of Acoustics again may be 
regarded as a branch of Pneumatics, inasmuch as 
sound is ordinarily communicated by the motion 
of air. Solid bodies convey sound as rapidly as 
air, but it will be convenient nevertheless to 
investigate the phaenomena of sound after we 
have discussed the Science of Pneumatics. 



BOOK L 



CHAP. I. 

ELEMENTS OF THE PHYSICS OF PONDERABLE OR 

COERCIBLE BODIES. 



GENERAL PROPERTIES. 

18. The properties of bodies are either essential 
and general, or non-essential and peculiar. The 
former are common to all bodies, the latter give 
us distinctions between bodies, and are of great 
value on account of their applications. 

14. The essential properties of bodies are 
.Extension J Impenetrability ^ and Divisibility ; to 
which may be added Inertia and Gravitation. 

15. Extension is that property by which a body 
has a limited form : by it the volume or size and 
the figure of the body is determined. 
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The extension of a body is expressed by the 
three dimensions of length, breadth, and thick- 
ness. We speak also of linear magnitude, super- 
jftcial magnitude, solid magnitude. 

16. Impenetrability is the property by which 
two bodies cannot occupy the same position in 
space at the same time ; a second body must 
thrust out the first before it can take its place. 

It might be imagined that this property belonged 
only to solid bodies, but closer observation shews 
that is necessary and common to all, whether 
solid, liquid, or aeriform. The apparent ex- 
amples of penetration are only examples of dis- 
placement. 

The cases of mixture, in which two different 
liquids when combined do not produce a volume 
equal to the sum of the two, are not exceptions to 
this property. 

17. Divisibility^ or the capability of being sub- 
divided, is or is not an essential property, accord- 
ing as there is a limit or no to the subdivision. 
As far as our experiments go, there is no prac-^ 
tical limit to the divisibility of matter. Some 
bodies are more easily divided than others, but 
in every form, matter may be reduced to particles 
of the most unlimited minuteness, and each of 
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these minute particles has properties and qualities 
similar to the larger mass from which it has been 
obtained. 

18. There is however a limit to this divisibility 
on the most received theories with regard to the 
constitution of matter. Various hypotheses have 
been brought forward at different times to explain 
the formation of bodies and the different states of 
matter ; but it seems now most probable, that all 
bodies are made up of certain minute particles 
or atoms of determinate magnitude and figure. 
These atoms are of different forms in different 
substances, and are endued with different forces, 
and hence give rise to different properties, as well 
as to the different forms of bodies. We are not 
indeed able to arrive at these atoms by sub- 
division, nor can we exhibit them to the eye ; yet 
there are many phsenomena which make their 
existence probable, and which are easily ex- 
plained by the hypothesis. 

19. According to this assumption, the forces 
with which these atoms or molecules are endued, 
bring the atoms into a certain fixed position with 
regard to each other, and there hold them together 
into one body. This power or force with which 
the particles are held in this stable condition is 
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called the force of cohesion. It is measured by 
the resistance it offers to the mechanical sub- 
division of the body. 

20. The atoms are endued also with another 
force which holds this attractive force, or force of 
cohesion, in check, and prevents actual contact 
between the particles, or at any rate in all posi- 
tions alike. This force is a force of repulsion, 
and by the relations which exist between this 
force and the force of cohesion or attraction, the 
different aggregate forms of bodies are presented. 
If the attraction predominates, we have a solid 
state; if the repulsion prevails, the gaseous 
forms result ; whereas when neither force is in 
excess, the body is liquid. 

These conditions may be exhibited in the 
following formulae : 

A > R, solid, 

A = R. liquid, 

A < R, gaseous, 
where A represents the attractive force, and R the 
repulsive. 

21. The force of cohesion in the atoms is not the 
same in all directions, in all cases. This is shewn 
in the beautiful phenomena of Crystallization. 

22. Cohesion must be distinguished from 
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Adhesion. This latter is the same as surface 
attraction, and is exerted when two smooth sur- 
faces of the same or different substances adhere, 
or when a liquid wets a solid, &c. 

23. Cohesion is overcome in most cases by 
heat, which seems to increase or produce the 
force of repulsion. This is seen in the melting of 
a solid, which first becomes a liquid, and then 
with greater heat may assume a gaseous form, 
as in the case of ice, first becoming water, and 
then steam. 

24. The ultimate atoms are however inde- 
structible. Although by heat the body may be 
subdivided and disappears to our sight, yet the 
atoms may be brought together again, and are 
none of them lost. Nothing short of the power 
of the Creator can destroy them. 

25. It must be observed, however, that whether 
this supposition about tlie constitution of matter 
be true or no, the principles of Mechanical 
Science are independent of all hypothesis, and 
rest upon observed facts^ and on strict reasoning 
from them. 

26. Inertia^ or the inactivity of matter, is a 
quality of matter which is of the utmost importance 
in all mechanical enquiries. It is one, however, 
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CHAP. II. 

NON-ESSENTIAL PROPERTIES OF MATTER, OR SPECIFIC 

PROPERTIES. 

28. The component particles of bodies are not, 
as we have observed, (art. 20.) in actual contact. 
Numerous experiments establish this fact, 
especially those which shew that every body can 
be compressed into smaller dimensions. The 
repulsive force which exists in the atoms is the 
cause of certain intervening spaces between 
them, and when this force is exerted more 
intensely in one direction than in another, these 
intervening spaces are disposed with a certain 
regularity, and produce what are called pores, 

29. Porosity is almost a general property of 
all matter, but the term is strictly employed to 
denote the existence of regular openings or 
intervening spaces, such as are seen in wood, 
cane, and bone, &c. The pores when extending 
in one direction, as in the instances named, are 
properly called lort^itudinal pores. 
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The larger openings or cavities, such as are 
seen in sponge, are not pores ; they are like the 
cells of a honeycomb. 

The densest substances, such as gold, minerals, 
&c. have pores, and these are commonly filled 
with air. 

The process of filtration in the arts depends 
on the existence of these minute interstices called 
pores. 

30. Compressibility^ like porosity, is perhaps an 
universal property of matter. It is a proof (art. 
28.) of the existence of pores, and conversely if 
there are pores, the body may be reduced in 
dimensions by any force which can overcome the 
repulsion which exists between the atoms, and 
hence gives rise to pores. 

Those bodies in which there are longitudinal 
pores, are more easily compressed laterally. 

All forms of matter are compressible to 
some extent. The most solid metals may be 
reduced in bulk by hammering. 

The experiments of Canton, OErsted, and 
Perkins, have shewn, that liquids may be com- 
pressed by the application of a suflScient force, 
while a very small one is sufficient to reduce the 
dimensions of aeriform bodies. 

c 



.^■^ 



18 NON-ESSPNTIAL PROPERTIES OF MATTER, 

Dilatability is a property the opposite to com- 
pressibility. It may be exhibited in many in- 
stances by the application of mechanical force, 
but the great agent for exhibiting this property 
is heat. By beat the dimensions of almost every 
substance is altered; probably every substance 
is thus affected by heat. 

Metals expand by heat, though not all equally :^ 
the applications of the expansions of metals by 
heat and their contraction by cooling are very 
numerous, and the force both of expansion and 
contraction is very great. 

Liquids alter their dimensions by heat, and 
most liquids expand in proportion to additions 
of temperature. Water is however an exception. 
It contracts as the temperature is lowered up to 
a certain point, but before it reaches the freezing 
temperature it expands. There is also another 
break in the continuity of the law of expansion 
just as it comes to the boiling point*. 

Aeriform bodies expand rapidly on a very 
slight elevation of temperature. 

33. Elasticity is a property possessed in very 
different degrees by different bodies, but it is 

• See on this subject Whewell's Bridgewater Treatise, book i. 
chap. 9. 
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important to distinguish between this and the 
last property. Elasticity is the property by 
virtue of which a body having been compressed 
recovers its former dimensions when the com- 
pressing force is removed. 

Inelastic bodies are those which do not 
recover their shape after havrng been compressed, 
such as wet clay. 

The most elastic of solid bodies are ivory, 
glass, steel. 

Liquids are also elastic, but they admit of 
compression only by powerful mechanical agents, 
and the property of elasticity is seldom called 
into play. 

Gases and airs are extensively elastic. 

It will appear less singular, as remarked by 
Mosely**, that aeriform bodies, liquids, and solids, 
should possess, in common, the property of 
elasticity, if we consider that these are but 
different forms under which the same body may 
exist, subject to different conditions of heat. 
Steam, for instance, condenses into liquid water, 
a certain abstraction being made of its heat: 
and this water, by another reduction of its 
temperature, becomes solid ice. And so, in the 

^ Illustrations of Mechanics, page 35. 
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opposite direction, a solid metal becomes a 
liquid by the application of heat, and a yet 
greater intensity of heat volatilises it. 

34. The property of elasticity is presented in 
a somewhat different view, when a wire of any 
substance is twisted, and its tendency to recover 
its natural state is observed. Elasticity thus 
observed is called elasticity of Torsion. The 
law of this force has been carefully estimated, 
and it is found to be always proportional to the 
angle through which the body has been twisted. 
This force exists not only in wires of metal, but 
more or less in all substances. 

Coulomb has applied this elasticity to the 
measuring of forces too minute to be estimated 
by the ordinary methods. His instrument is 
called the Torsion Balance. It was by a balance 
of this kind that Cavendish detected and mea- 
sured the force of gravitation. 

35. Hardness is a property of bodies closely 
connected with elasticity. It is estimated by the 
force by which the component atoms or molecules 
resist separation or change of relative position. 

Hardness is a modification or peculiar effect 
of the force of cohesion. 

It is the property possessed by most stones. 
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several metals, and various kind of woods, and 
by which they resist a considerable external 
force either of pressure or impact. 

The diamond is considered the hardest known 
substance: it will cut or scratch all other 
bodies. 

Hardness has no connection with density, or 
the number of molecules in a given volume. 
Mercury, for example, is dense^ but not hard. 
Glass is harder than gold or silver, but not so 
dense, 

36. Softness is a term employed to express 
the opposite property to hardness. Those 
bodies are called soft which change their form 
by the application of any small force, no dis- 
ruption of the molecules taking place, and the 
form impressed being retained after the cessation 
of the force. 

Moist clay, tallow, butter, &c. are familiar 
examples of soft bodies. 

The different states into which steel may be 
brought, afford beautiful illustrations of the 
propeities of softness and hardness, and are of 
the greatest value in the arts. 

37. Brittleness is a property possessed by some 
hard bodies. The molecules of brittle bodies 
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cohere strongly, but the range of the force of 
cohesion is so small, that if the molecules are 
separated in the slightest degree, a total dis- 
ruption takes place. In some very brittle bodies 
the separation of one or more of the mole- 
cules causes a complete dissolution of the whole 
body. 

Pottery presents familiar instances of hard 
and brittle bodies. Steel when highly tempered 
is also brittle. 

Unannealed glass, (and especially a Bologna 
flask and Prince Rupert's drops,) are examples of 
very brittle substances. 

The process of annealing, by allowing the 
substances to cool slowly, takes away the brittle- 
ness. 

38. Malleability expresses the property by 
which a body may be extended in all directions 
by impact, the le^gthandbreadthmay be increased 
or diminished, but the continuity is not broken. 
In malleable bodies, the molecules must cohere 
equally in all directions. 

Several of the metals are very malleable, and 
are hence of great value in the arts. The most 
malleable of the metals are gold, silver, iron, and 
copper: but the malleability is much influenced 
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by temperature. The extreme malleability of gold 
is exemplified in gold beating. 

39. Ductility is the property by virtue of which 
a substance may be drawn out into a wire. In 
ductile bodies the molecules would appear to 
adhere by poles, or in certain definite relative 
positions, but not in all positions alike. 

It is not the same as malleability, for the most 
malleable metals are not the most ductile. 
Platinum, for instance, is the most ductile, then 
silver, iron, copper, and gold. Dr. WoUaston 

obtained platinum wire 30006*'^ P*^* ^^ *^ ^^^^ 
in diameter. 

Melted glass is very ductile, and the fibres have 
been applied for making ornamental damasks. 
More than 100 threads of the glass are frequently 
fised to make one thread for the loom. It has 
been observed, that the minute fibres of glass are 
always of the same form as the bar of glass from 
which they are drawn. 

40. Pliancy is the property by which a sub- 
stance may be bent without being broken. It is 
generally applied to cases where the longitudinal 
dimensions far exceed the lateral, and results 
from another modification of the force of cohesion. 

it is the property with which we are familiar 
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in animal and Tegetable fibre, and also in thin 
wires of metals. 

41. It maybe here remarkable, that the various 
modifications of solidity, such as hardqess, brittle^ 
ness, &c« are by no means properties that in- 
variably admit of strongly defined lines of 
demarcation, nor are they unsusceptible of vari- 
ation in the same body. Heat exerts a great 
influence on all these properties. 

42. Tenacity is a term usually employed to 
express the force by which a body resists sepa- 
ration by extension in the direction of its length. 
This force must not be confounded from that 
which gives the property of brittleness. Some 
bodies are very tenacious, which at the same time 
are very brittle. Glass, for example, is very 
brittle, but a rod of glass may be made, when 
suspended in a vertical position, to support a very 
great weight. 

43. The whole question of the relative strength 
of materials, not only in the direction of their 
length but as offering resistance in every direc- 
tion, is of the greatest importance. The following 
points are those which must be principally de- 
termined. 

a. The absolute strength or resistance to tension, 
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i. e. the resistance which a rod, or wire, or cord, 
fastened at one end, offers to a force acting at the 
other end in the direction of the body's length, 
and tending to tecer it asunder^ i. e. tenncity, as 
above stated. 

/3. The lateral strengthy or the force with which a 
beam or bar, fastened or supported at one or both 
ends, resists rupture^ the stress being applied 
perpendicularly to the beam. 

y. The resistance to compression^ or the force 
which a body opposes to a weight applied in the 
direction of its length, with a tendency either to 
crtuh the body, or by deflection to break it. 

The weight required to effect the particular 
kind of rupture is in every case the measure of 
the strength. 

Experiments have been conducted with great 
care to determine the strength of various sub- 
stances in each of these particulars, and tables 
are given in works on the subject : such as, 

Barlow's Treatise on the Strength of Timber, 
&c. (1837.) 

Rennie, Philosophical Transactions, 1818. 

Tredgold, ditto, 1824. 
See also the results of the observations of Eaton 
Hodgkinson, Esq. and W. Fairbairn, Esq. as 
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published in the Manchester Memoirs, vols. iv. 
and y. and in the Reports of the British Association 
for 1837, and 1842. 

Useful Tables are also given in Eytelwein's 
Handbuch der Statik, &c. 
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CHAP. L 

THE COMPOSITION AND RESOLUTION OF FORCES APPLIED 

TO THE SAME POINT. 

44. We now enter on that branch of Mechanical 
Philosophy which is usually called Mechanics, 
i* e. that Science which investigates the effects 
of forces acting upon portions of matter, and 
more particularly on matter in the form of a 
solid. 

The properties of bodies, hitherto considered, 
are the consequences of the forces which one 
molecule exerts upon another. The effects now 
to be discussed depend on forces altogether 
external to the bodies acted upon. 

45. The existence of a force is known by its 
effects, and in all cases those effects are the 
subject of investigation. The source and origin 
or nature of the forces may be various, but the 
effects alone are capable of being estimated. 
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46. Force is usually said to be that which 
produces or tends to produce motion or change 
of motion in anj body : sometimes it is said to 
be that which produces pressure or motion. 
Either of these definitions of force, if they may 
be called definitions, come to the same point: 
and either lead to the ordinary division of the 
Science into the two branches of Statics and 
Dynamics, according as rest or motion is the 
result of the action of the force or forces. 

47. In order to estimate the effects of a force, 
three points must be considered. 

First, the point of (tppUcation, or the point of 
the body or system of bodies to which the force 
is applied. 

Secondly, its direction, or the line in which it 
tends to cause motion. 

Thirdly, its intensity or magnitude, 

48. With regard to the point of application of 
a force, it may at once be remarked, that it may 
be conceived to be shifted at pleasure along the 
line of direction. Experience shews that the 
effect of the force is the same at whatever point 
in the line of its direction it is applied, provided 
only that it can be made to act upon the body 
without introducing any contrivance to modify 



COMPOSITION ANB RESOLUTION OF FORCES. 29 



x:7 



o 



• A 



. B 



its action. If, for example, a weight W (fig.) 
be suspended by a string from a 
point O, the strain upon the point 
is the same whether it be suspended 
from the point A, or B, or C. In 
this case the weight of the string is 
the same in all the cases; but if 
longer strings are introduced in 
order to shift the point of appli- 
cation along the line of direction, 
the weight of the string is a new 
force, and must be taken into ac- 
count. Hence, in theory, we often 
introduce imaginary strings or rods 
without weights, &c. The weights 
of these can afterwards be estimated 
separately. 

49. The magnitude of a force is very commonly 
expressed by weights, and weight is a force 
with which we are most familiar. This enables 
us to compare the relative magnitude or ratio of 
any number of forces with accuracy and sim- 
plicity. We have only to select some unit of 
weight as a standard of comparison, whether it 
be a grain, or a pound, or a ton, &c. 

50. Forces may also be conveniently repre- 
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sented geometrically by straight lines, and this 
mode of representation exhibits very clearly the 
three points which should be observed. The 
beginning or origin of the line shews the point 
of application, the direction of the line shews 
the direction of the force, and the length gives 
the magnitude. It is only necessary to fix on 
an unit of length, and then measure off as many 
units of length as the given force would contain 
units of weight according to the last mode of 
estimation. 

61. Proposition. Two or more forces acting 
together on the same point of a body in the same 
direction produce an effect equal to their sum^ and 
the forces may be regarded as equivalent to a 
single force which is equal to them all together, 
acting in that direction. 

This is so self-evident, that it scarcely needs 
illustration or demonstration. 

The single force which would thus produce the 
same effect as the several forces together is called 
the Resultant of these forces. 

52. Proposition. Two forces acting together 
on the same point in exactly opposite directions 
produce an effect equal to their difference^ and 
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they may be regarded as equivalent to a single 
force equal to this difference^ acting in the direc- 
tion of the greater of the two. 
This is also self-evident. 

53. Hence it follows, that if the two forces are 
equal, the point will remain at rest; though it may 
be regarded almost as an axiom, that a point acted 
on only by two exactly equal forces in opposite 
directions cannot more in either direction or in 
any. 

These two Propositions may be comprehended 
in one, which may be thus enumerated. 

54. Proposition. If any number of forces act 
upon the same pointy some in one direction^ and 
the others in the direction exactly opposite^ the 
resultant of such a combination of forces is 
found by taking the difference between the sum of 
all the forces acting in one direction^ and the sum of 
those acting in the other direction^ and this re- 
sultant must be in the direction in which the sum 
of the forces is the greater. 

The several forces which thus combine to pro- 
ducea resultant are called the component forces, and 
the terms resultant and component are obviously 
correlative. The resultant is mechanically equal to 
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the combination of its components, and the com* 
ponents are mechanically equal to the resultant: 
and in all mechanical investigations, the com- 
ponents may be substituted for the resultant, or 
the resultant for the components, without in any 
way changing the condition of the body on which 
the forces act. 

56. Proposition. If two forces act together on 
the same pointy but are not in opposite directions^ 
then whatever be the ratio of the forces^ motion 
will ensue^ or the point cannot remain at rest : in 
other words, if two forces act on a pointy and if 
their directions are divergent or inclined at an 
angle to one another^ they cannot neutralize each 
other. 

Thus if OA, OB, (fig.) represent two forces 
acting on the point 
O, and making with 
one another any 
angle, as A OB, the 
point O will not re- 
main at rest. 

It is evident, that 
in this case the point ^ ^ 

O will have a motion in some direction within the 
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angle A OB, or the combined effect of the two 
will be in some line beginning at O, and 
williin the angle, B j^ 
as OR, (fig*) the 
position of this line 
and its magnitude 
is however deter- 
mined in the follow- 
ing important Pro- "^ ^ \ 

position. O 




66. Proposition. If two forces acting on a point 
be represented in magnittuie and direction by two 
lines drawn through that point, then the resultant 
of such forces will be represented in magnitude 
and direction by the diagonal of the parallelogram^ 
of which the two lines are the adjacent sides. 

Thus if OA, OB, (fig.) represent the two 
forces, and the paral- 
lelogram OARB be 
completed, the dia- 
gonal OR will repre- 
sent the resultant, and 
will singly produce an 
effect equal to the 
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combined effect of the two forces represented 
by OA, OB. 

This very important proposition, which is knowD 
by the name of the Parallelogram of Forces, 
may be demonstrated by the help of mathema- 
tical reasoning and mathematical formulce. The 
following experimental proof is more suited to 
the present work. 

Let P and Q be two weights attached to the 
ends of a perfectly flexible cord, (the weight of 
which is so trifling that it may be neglected,) and 
let the string be passed over two pulleys M, N 
fixed in a vertical plane. Let another cord be 
fastened to this at a point O, a third weight W 
being suspended 
from it, (as in 
fig,) This weight 
W will draw the 
cord into some 
such position as 
in the figure, and 
after a few oscil- 
lations it will set- 
tle itself,and come 
to rest. Now it is 
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evident that the point O is solicitedby three forces, 
first by the weight P, which in consequence of 
the pulley acts upon O in the direction O M : 
secondly, by the weight Q acting in the direction 
ON : and thirdly, by the weight W acting in the 
direction OW: and since the point O is at rest 
by the action of these three weights or forces, any 
two of them, as, for instance, those in OM, and 
O N, must together produce an effect which 
neutralizes or equilibrates the effect of the third 
in OW. 

Again, it is evident that the weight W would be 
neutralized by an equal weight acting up at O in 
the direction OH opposite to the direction OW. 
Since then the force or weight in OW is really 
equilibrated by the two acting in OM and ON, 
these two must together produce an effect which 
acts on the point O in the direction OH. If now 
we were to measure on O H a length OR contain- 
ing as many units of length as there are units 
of weight in W, and through the point R thus 
found draw OA, OB respectively parallel to 
ON and OM, we should find that OA and OB 
contained precisely the same number of units 
of length as there are units of weight in P and 
Q. The two sides O A, OB of the paralle- 
logram therefore represent the forces P and Q 
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acting at O, and the diagonal OR represents 
their resultant. 

The weights P, Q, W may be varied at pleasure, 
and the result will be found true in every case. 

57. From what has been before said, it is 
plain that we may replace any two forces acting 
on a point by a single force, which will produce 
the same effect ; and, vice versa, we may con- 
ceive a single force as composed of two forces 
acting in different directions: and as the same 
line may be the diagonal of an infinite number 
of parallelograms, we may consider any force a« 
the result of different pairs of forces, according 
as is most convenient for illustration or estima- 
tion of effects. This is called the Resolution of a 
force in opposition to the term Composition of 
Forces. 

58. It is very Y 
convenient, es- 
pecially in ma- 
thematical in- 
vestigations, to N 
resolve a force 
into two com- 
ponents at right 
angles to each ^ MX 
other; as, for instance, (fig.) OP may be regarded 
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as resolved into OM, ON in the directions OX, 
OY, XO Y being a right angle. 

59. This composition of two forces is easily 
carried on by a series of parallelograms to the 
composition of any number acting on the same 
point. 

Thus, if ^2 

OA,OB,OC, 
(fig.) repre- 
sent three 
forces acting 
on the point 
0, complete 
the parallelo- 
gram OARjB, and O Rj is the resultant of O A, 
OB: then complete the parallelogram OR^Bj^' 
and OR2 is the resultant of ORj and OC, or of 
OA, OB, OC, and so on for any number. 

This process may also be extended to the 
case in which the forces lie in different planes, 
as expressed in the following 

60. Proposition. If three forces^ whose direc- 
tions are in different planes^ act together on the 
same pointy and if they are represented in magni- 
tude and direction by the three adjacent edges of 
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a parallelopipedj the diagonal of the paralleh- 
piped will represent the resultant of the three 
both in magnitude and direction. 

Thus in (fig.) ^2 

ORj is the resul- 
tant of OA, OB, 
and OR2, as being 

the diagonal of p 1 ^ Vz:^ '^ 

the parallelogram 

ORiRjC, is the resultant of OTl^ and OO, or of 

OA, OB, OC. 

It is evident, that in every case of the compo- 
sition of force, except when the forces exactly 
conspire, force is lost. 



^-- -^ 
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CHAP. II. 

THE COMPOSITION OF PABALLEL FOBCES. 

61. The propositions of the last chapter enable 
us to determine the effect of any number of forces 
applied to the same point. Forces, however, are 
very frequently applied to different points of a 
body or system, and the simplest case is, when 
the forces are in directions which are parallel to 
one another. Two parallel forces may be com- 
pounded according to the following 

62. Pboposition. If two parallel forces^ as 
AP,Aq,(fi9^)act A B 
on the two points 
A, B respectively y 
their combined ef- 
fect will be equi' 
valent to the ef- 
feet of a single 
force ORy equal to their sum, parallel to their 
directionf and applied at a point O which divides 
the line AB^ so that AO is to OB as the force 
applied at B is to the force applied at A^ or 
AO : OB inversely as the forces. 
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This cannot be established strictly without 
mathematical reasoning, but it may be experi- 
mentally exhibited by an arrangement represented 
in fig. where 
AB is a strong 
light rod with 
two weights P 
and Q suspended 
from the ends^and 
a weight B equal 
to their sum is M 

attached to a cord p Q 

passing over a pully M, and fastened at O. It 
will be found on trial that the system remains in 
equilibrio when the point O divides the line AB 
so that AO : OB : : weight Q : weight P. 

It will be easy to counterpoise the weight of 
the rod, by hanging on a weight (W) just above 
or below R, W being exactly equal to the weight 
of the rod. 

From this we may proceed to the composition 
of any number of parallel forces : in all cases 
when the forces are in the same direction, the 
resultant is equal to their sum, and parallel to 
their direction, but the point of application can 
only be found by first determining the pcHnt of 
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application for the resultant of two, and then 
combining this with a third, and so on. 

63. If two forces act in directions which are 
parallel but contrary^ as in fig. the resultant is 
found by the following 

Proposition. If two forces^ as AP, BQ, {fig,) 
act on the two points A and B respectively^ in di-^ 

Q 



A R 



B 



O 



PY 



rections which are parallel but contrary to each 
other y their resultant is a force OR equal to their 
difference^ parallel to their direction, and applied 
at a point O, in AB or BA produced, according 
as the force at Bis greater or less than the force 
at A, so that AO : OB : \ force at B : force at A. 
This may be established by the same experi- 
ment as the last Proposition, for we may regard 
the weight at B as equilibrating the weights at A 
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and O, or that at A as equilibrating the wei^ts 
at O and B, and the result will be found to cor- 
respond; for evidently, if 
R == P + Q, 

.-. Q = R — P; 

and also if in fig. p. 40. 

AO : OB : : Q : P, 
.-. AB : OB : : P + Q : P 

: : R : P. 

The directions are also all parallel. 

64. There is one very important and remark- 
able case to which the above Proposition is 
inapplicable, and that is, when the two parallel 
and contrary forces are exactly equal. In this 
case the Proposition would give the resultant 
equal to zero, and the point of application infi- 
nitely distant. In fact, it is evident that no single 
force could equilibrate such a system, since any 
reasoning which would give a definite resultant 
in any position with reference to one force, would 
give a different one with regard to the other. 
Such a combination of forces has no tendency 
to produce any progressive motion in a body or 
system, but a tendency to rotate or twist round 
some point intermediate between the direction of 
the two forces. 

Such a system of forces is called a couple. 
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Familiar examples of couples may be remarked 
in the common operations of turning a corkscrew 
or a gimblet. 

The theory of couples is of great importance 
in all mechanical investigations. Some writers 
have deduced every thing else from it. A few 
of the elementary propositions can only be in- 
troduced in this work*. 

65. The arm of a cou- 
ple is the perpendicular 
distance between their 
directions, as AB, (fig.) 
and the product of P 
multiplied^ by A B is 
called the moment of the 
couple, 

66. Opposite couples 
are those which would 
tend to produce rota- 
tions in opposite direc- 
tions. These two figures 
will represent such. 



B 




* For the complete development of the theory of Couples, 
the student is referred to Poinsot's heantifol work, entitled 
Elemeru de Staiique^ or to a pamphlet hy^Prichard on the Theofy 
of Couples, 
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67. Proposition. A single couple can be turned 
round in its own plane, without altering its effect 
upon the system. 

Thus the effect of the couple is the same in 
either of 
the posi- 
tions re- 
presented 
in fig. the 
forces and 
the arm 
being the 
same. 





2P 



68. Proposition. A single couple can be equi- 
librated by an eqrml and opposite couple in the 
same place. 

For we may turn the couple^ round until it 
comes into the 
position re- 
presented in A.1 1 A2 
fig. and then* 
conceivin g 
Bj Bg joined 
as by the dot- 2 P 
ted line and bisected in O, it is evident that the 
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effect of the two forces at A^ and A^ are by art. 
62. equivalent to a single one at O, equal to their 
sum or 2P; also the other two forces at B^, B^ 
may be replaced by another equal to 2F applied 
at O in the opposite direction, and this being 
equal and opposite to the resultant of the other 
two, will equilibrate the system. 

69. Proposition. A couple mil be equilibrated 
by an opposite couple of the same moment in the 
same plane. 

For they may be brought into the position 

represented -^i+^s 

in fig. and J^ 

by reason- 
ing as in the 
last propo- 
sition, we 



lilt 



Bi 



1 



^2 



Aa 



B, 



Ps 



'I 

conclude p 

that equili- p ^^ 

brium will ^ * 

exist, only the point O will not bisect B^ Bg, but 

divide it in the inverse ratio of the forces. 

70. Proposition. A couple udll be equilibrated 
4y an opposite couple of equal mmnent acting on 
the same system. The second couple not being 
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in the same plane as the firsts but in any parallel 
plane. 

This proposition is self-eyident, if we siq>posei 
as we must, that the two couples or the several 
parts of the system are connected together by 
rigid inflexible connexions. 

Hence it follows, that we may replace a couple, 

1. by an equal couple in its own plane; or, 

2. by one of equal moment in its own plane ; or, 

3. by one of equal moment in any plane parallel. 
From the above simple propositions we might 

proceed to other more important conclusions, but 
these would involve reasoning unsuited to the 
beginner. 

A beautiful illustration of the theory of couples 
is afforded in the explanation of that which is 
called RobervaFs Paradox or RobervaFs Balance. 

The balance is represented in fig. where A B G D 




H 
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is a jointed parallelogram, or a parallelogram 
with moveable joints or binges at tbe angles, and 
which turns on two points O, 0^, vertically over 
each other through the middle of the opposite 
sides AB, CD. To the other sides AD, BC, 
which always keep in the vertical, two rods EF, 
OH are attached at right angles to AD, BC, and 
consequently they are always in the horizontal 
position, as in the figure. The paradox is, that 
equal weights as W, W will always be in equi- 
librio to whatever parts of the arms EF, GH, 
they are suspended. 

This paradox is easily explained by the 
theory of couples. Suppose four equal forces, 
each equal to one of the weights W to be intro- 
duced into the system, two applied at E in 
opposite directions, and two at G also opposite, 
as represented in fig. These forces being equal 
will not affect the equilibrium. Now the two 
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forces marked 1, form a couple whose arm is ME ; 
but these are statically equivalent to another 
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couple whose arm is AD, and lying in the posi- 
tion indicated in fig. Similarly the couple 
marked 2, may be replaced by another with arm 
B C lying as in i 2 

fig. The forces < 

which consti- 
tute these two 
couples are ob- 
viously neutral- 
ized by the reaction of the pivots, and there now 
remain only the two forces at E and G, which 
are plainly in equilibrio. 

The apparently unequal leverage of the two 
weights, is thus seen to affect only the strain on 

the points. 

A weighing machine, constructed on the prin- 
ciple of this paradox, is now in general use. 
The only difference is, that instead of arms 
attached to 



the middles 
of the ver- 
tical sides of 
the paralle- 
logram, the 
pans are at- 
tached to 
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them at the top, as exhibited in fig. The con- 
yenience of this balance is obvious. 

72. To return to the consideration of parallel 
forces in general. It is obvious, in the simplest 
case of two parallel forces, as represented in fig. 
p. 89, that if the two forces P and Q take different 
directions, still continuing parallel, and applied 
to the same points and with the same magnitude, 
the position of the point O will not be changed, 
the resultant will merely take a new direction 
parallel to the new direction of the forces. The 
same will be true if there be any number of forces 
in the system which continue of the same inten- 
sity, and applied to the same points; the resultant 
of all will be applied to a point which will remain 
invariable, although the forces take new positions, 
remaining parallel to each other. 

This invariable point, through which the re- 
sultant of the system passes, is called the centre 
of the Parallel forces. 



E 
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CHAP. in. 

ON THE CENTRK OF GRAVITY. 

73. When describing the general properties of 
bodies, we remarked (art. 27.) that all terrestial 
bodies had a tendency towards the earth. This 
tendency or force varies at different parts of the 
earth's surface, but at one and the same place, or 
with reference to the molecules of the same body, 
it may be regarded as constant. The direction 
of this force or tendency is strictly towards the 
centre of earth, but for the same body this may 
be taken as perpendicular to the horizontal plane. 
Its direction is easily ascertained by means of a 
plumb line, or a perpendicular to a sheet of still 
water. 

Every molecule of a body is thus solicited by 
a force drawing it down, and the directions of the 
forces on the several molecules are all parallel to 
one another. This will also be the case if the body 
be turned over or made to take different positions: 
in every position it is acted on by a number of 
parallel forces. By art. 72. these parallel forces 
hav« a resultant which will in all positions of the 
body pass through an invariable point, which wc 
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there called the centre of parallel forces. When 
speaking of gravity, this point is called the centre 
of gravity. 

74. The weight of a body may be regarded as 
the resultant of all the forces acting on the several 
molecules, or the resultant of the weight of the 
molecules. 

75. The determination of the position of the 
centre of gravity is a point of vast consequence 
in all circumstances of rest or motion. In some 
bodies it is readily ascertained ; in some, mathe- 
matical formulaB enable us to find it ; and where 
these fail, it often happens that we can fix its 
place by actual experiment. 

76. All symmetrical bodies which are homo- 
geneous have their centre of gravity coincident 
with the centre of magnitude. 

Thus, the centre of gravity of a homogeneous 
straight line or thin prismatic or cylindrical stick 
is in the point of bisection. 

The centre of gravity of a parallelogram is in 
the intersection of its two diagonals. 

The centre of giavity of circles, ellipses, and 
so of spheres, spheroids, &c. is in the geometrical 
centre. 

77. The centre of gravity of a triangle lies in the 
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interseclion of two straight lines drawn from any 
two angles to the bisection of the opposite sides. 

For instance, (fig). ^ 

if BF, CE be drawn 
from the angles B, G to 
the points F5E, which 
are the points of bisec- 
tion of the sides AC, 
AB, the centre of gra- 
vity is at G, where these B h c 
two lines intersect ; and it is easily shewn, that 
BG = f BF, CG = i CE, and if AH be drawn, 
AG = I AH. 

78. The centre of gravity of any polygonal 
figure may hence be determined, since it can be 
divided into triangles, and the centre of gravity 
of each triangle being found, we may proceed as 
in the composition of several parallel forces. 

79. The centre of gravity of a body is not 
always within the body itself. The centre of 
gravity of a circular hoop is in the centre of figure, 
andthecentreof 

gravityof the arc . ^ 

ofa circle is at an / q ^ 

imaginarypoint, / \ 

as at G. (fig.) 
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80. Proposition. If the centre of gravity of a 
body is supported, the body mil rest in all pO'- 
sitions, unless some other force act upon it. 

This is self-evident, since the resultant of all 
the forces thus passes through a fixed point. 

81. This proposition leads to a practical de- 
finition of the centre of gravity, which is of much 
use in enabling us to determine the centre of 
gravity of a body by experiment ; for the centre 
of gravity may then be said to be the point about 
which a body or system rests in all positions. 

Hence to find the centre of gravity of a body 
by experiment. 

Suspend the body by a string, the body will 
not remain at rest until the centre of gravity is 
vertically under the point of suspension, for in 
any other position the weight would not be sus- 
tained. The direction of the string thus gives a 
definite line in which the centre of gravity lies, 
and if this can be marked, we have only to sus- 
pend the body by a different point, and we 
obtain another Une which passes through the 
centre of gravity, and the intersection of these 
two lines is the point required. 

Or, we may balance the body upon a rod or 
bar, and we know that the centre of gravity is in 
the vertical plane which contains the bar, and 
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bj taking two other positions, we get three 
planes which contain the centre of gravity, 
which must therefore be in the point in which 
the three planes intersect. 

82. Proposition. If a body be supported by a 
single pointy the centre of gravity must always be 
in the vertical which parses through that point. 

In no other position could the weight of the 
body be counteracted, whether the point of sup- 
port be a point of sustension, or a point upon a 
hard plane. This is evident by inspection of 
figures; thus, in fig. I. which is intended to re- 



s 




(1) 




(3) 



present a body hung by a string to a point S, 
unless G the centre of gravity be in the vertical 
line SV, the effect of the weight is not sustained. 
So in fig. 2. where the point of support is a hard 
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plane, the plane will only oounteraot a force 
opposed to SVy the vertical through S, the 
point of support ; unless therefore G the centre 
of gravity be in that vertical, the body will roll 
over- 




S3. Proposition. If a body is supported on 
nny base^ the vertical through the centre of gravity 
must fall within the base. 

The figures 
will illustrate 
this proposition: 
in the first the 
effect of the 
weight is coun- 
teracted; in the 
other it is not, and the body will fall over. 

This proposition applies when the plane of 
support is inclined to 
the horizon as well as CO 

when it is horizontal, as 
may be seen in fig. but 
in this instance, unless 
friction or some impe- 
diment interfere, the 
body will slide down the plane. 
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84. In these oases there are different kinds of 
equilibrium. The equilibrium may be siabky 
neutral, or unstable. 

Stable equilibrium is that in which, if a slight 
disturbance take place, the body tends to return 
to its former position. 

Neutral eqmlihnum is that in which, if the body 
be disturbed, there is no tendency to return to 
or to go further from its original position. 

Unstable^ is that in which Ihe slightest disturb- 
ance will cause it to move further from its position. 

In the case of bodies resting on a point upon 
a horizontal plane, the three kinds are exhibited, 

(1) by a spheroid, or an egg lying on its side; 

(2) a sphere or globe; (8) a spheroid on a smaller 
end. See figs. 






In the first of these, a slight disturbance causes 
the centre of gravity to move higher: in the 
second, it does not affect the distance of G from 
the plane ; in the third, it sends it lower. 
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In the case of bodies hung up by a point, the 
same effects are at once seen by referriDg to a 
common bucket, as ii 




When suspended by a handle in the ordinary 
way,wehave«^a6/e equilibrium: ifthe handle were 
attached to points, such that the line joining 
them passed through the centre of gravity, the 
equilibrium would be neutral : and if attached 
below G, it would be unstable. 

From these remarks the following propositions 
are easily deduced. 

85. Pkoposition. The centre of gravity of a 
body always takes the lowest position it can, com- 
palible with the conditions which affect the body. 

For if not, it must descend. 

86. Proposition. The lower the centre of 
gravity, the more stable the equilibrium, ceteris 
paribus. 
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This will be understood 
by reference to fig. in 
mrhich A BCD may be 
supposed to represent a 
section of a body with 
AD as a section of its 
base, if the centre of 
gravity be at G, it cannot 
be overset in the direction 
indicated by the arcs, 
except by making G, de- D . 
scribe the arc G^g^^ which subtends at A the angle 
GjAgp but if the centre of gravity be higher, as 
at Gj, the centre of gravity will only have to 
move through the arc G^g^y which subtends at A 
the smaller angle G2Ag2. 

The application of the principles laid down 
above are of every day importance, and admit of 
many illustrations. 

87. It follows from the definition of the centre 
of gravity, that when we wish to estimate the 
effect of the weight of any body or system of 
bodies, we may regard it as a single equivalent 
force applied at that point. 
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CHAP IV. 
ON SIMPLE MACHINES IN EQUILIBRIUM. 

88. A machine is an instrument or contrivance 
for transmitting or modifying certain powers at 
our disposal, so as to produce certain effects. It 
is ased either to economize power, or to produce 
a greater Telocity. 

Machines have to be considered both statically 
and dynamically; but we investigate first the 
conditions of equilibrium, and then it is easier 
to pass on to the circumstances and effects of 
motion. 

89. In all machines there are three things to 
be considered. 

1. The force or power which we are able to 
apply, and this is technically called the Power, 
whatever its nature. 

2. The resistance to be overcome, or the work 
to be done, and this is commonly called the 
Weight or Load. 

3. The machine or apparatus itself. 
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Both Power and Weight are frequently ex- 
pressed by weights, and these give us practically 
a means of comparison. If the power be that of 
steam, we may speak of it as producing a pressure 
of so many pounds on the square inch, &c. 

90. In the exposition of the theory of ma- 
chinery, it is necessary to omit, at first, many 
circumstances, which must however be accurately 
estimated, before we can apply our results for any 
practical purpose. For instance, we begin by 
omitting all the effects of friction, the surfaces are 
assumed to be perfectly smooth and polished; 
the solid parts are supposed to be absolutely 
rigid and inflexible. If ropes are employed, we 
omit the effects of their stiffness, and suppose 
them flexible, inextensible, and without weight. 
Again, at the first we omit all consideration of 
the weight and inertia of the machine, the resist- 
ance of the air, &c. And this method of pro- 
ceeding is the most philosophical. Our first 
conclusions are indeed only first approximations 
to the tnith, but we can afterwards take into 
account one by one the various considerations 
we had omitted, and so determine the precise 
effects of each circumstance separately, and 
approximate more close to the true conclusion. 
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91. It may be observed at once, that in ma- 
cbinery of whatever kind, power is not cretUed but 
converted: and although the statement of the 
effect of any machine is sometimes made so as 
to sound like a paradox, yet in no case can a 
small power produce a great effect without in 
some way or other employing an effort equi- 
valent to the result. A force of lib. may indeed 
by the intervention of machinery move a weight 
of lOjOOOlbs. but it will be by exerting itself 
through a proportionably large space. 

If, for instance^ the large weight of 10,0001bs. 
be carried through 1 foot, the lib. force will have 
to move through 10,000 feet. We shall put this 
in a more general form presently. 

92. In all machines, there are certain fixed 
points, propsy or fulcra, yvhich are so arranged that 
the portion of the weight which does not imme- 
diately act against the power is distributed 
amongst them. Sometimes these fulcra are 
fixed lines or surfaces capable of resisting pres- 
sure. 

93. It may be here remarked, that fixed points are 
capable of resisting pressure in all directions, 
fixed lines and surfaces only in a direction at 
right angles to them. The resistance of a fixed 
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line is therefore limited to the plane to which the 
line is perpendicular, the resistance of a surface 
is limited to the single line which is perpendi- 
cular to the surface. 

The following definitions will be of great use 
in estimating the efficacy of the difiTerent me- 
chanical powers, and of machinery in general. 

94. The moment of a force uith respect to a gwen 
point is the product of the force and the perpen- 
dicular let fall on its direction from the given 
point- Thus if 

(fig.) P and Q are « ^^ Q 

any two forces 
whose directions 
are indicated by 
the arrows, and O 
any given point; 
and if from O per- 
pendiculars OM, 
ON are let fall on 
their directions, 

P X OM is called the moment of P with reference 
to the given point O, and Q X ON is the moment 
of Q with reference to the same point. These 
moments are also said to be positive or negative, 
according as their efiects with regard to O are in 
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the same or opposite directions. In the figure, 
the two forces have opposite moments with re- 
ference to O: whereas if the point were above or 
below both forces, they would have the same sign. 
95. The virttml velocity of any force of a system 
is the very small space through which the point 
to which the force is applied would "in ipso 
motus initio/' move in the direction of the force, 
if a motion is communicated to the system. The 
motion of the point may be altogether in the 
direction of the force, but it will not generally 
be so on account of the connexion of the parts 
of the system. This definition may be illustrated 

by fig. where AFB represents a bar moveable 

Bi 




Q 



in the plane of the paper round a point F, so that 
when a motion is given, every point in the bar 
describes an arc of a different circle, though each 
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arc subtends the same angle at F. Suppose 
forces P and Q to be acting on this in the di- 
rections APy BQy and then a motion to be given 
to the bar which causes it to take the position 
A^ F B J, the point A has really described the arc A A j, 
but the motion of A in the direction of P is re- 
presented by Am, the angle Am A^ being a right 
angle ; similarly the motion of B in the direction 
of Q is exhibited by B n , if B n B^ is a right angle ; 
and if the motion given to the bar be very small, 
Am, Bn represent the virtual velocities of the 
forces P and Q. Other illustrations will occur as 
we proceed. 

These definitions being premised, the following 
Propositions will express the condition of equi- 
librium in machines. 

96. Proposition. Whmt a machine is in egui- 
librium on a single fiilcrunty the moments of the 
power and weight with reference to that fulcrum 
are equal and opposite, 

97. Proposition. In every machine in equi- 
librium^ the product of the power and its mrttml 
velocity is equal and opposite to the product qf the 
weight and its virtual velocity. 

These two propositions may be extended to 
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cases where there are any number of forces or 
weights; and if we express the moments in one 
direction by positive or + signs, and those in 
the opposite by negative or — signs, we may 
enunciate the Proposition of art. 96, in the 
following general 

98. PfiOPOSiTioN. When a machine is in equi- 
librium on a single fulcrum by the action of any 
number of forces^ the sum of the moments of all 
the forces with regard to the fulcrum is equal to 
zero. 

By sum is meant the Algebraical sum, each 
product having its proper sign. 

In the same manner, by regarding the virtual 
velocities in one direction as positive, while those 
in the other are negative, we may enunciate the 
Proposition of art. 97, thus : 

99. Proposition. When a machine is in equi- 
librium^ the sum of the products of the forces and 
their mrtual velocities is equal to zero. 

This Proposition is indeed only a particular 
case of the great principle of virtual velocities. 
This principle is made by Lagrange the basis of 
his great work, the Mecanique Analytique. It is 
of great importance and universal application ; 

F 
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for a demonstration, the mathematical stadent is 
referred to the work of Lagrange, or to the manj 
mathematical works on Mechanics. 

100. From the two last Propositions, we at once 
arrive at that which is the golden rule in all 
machinery, viz. that what is gained in power is 
lost in velocity. The truth of the rule is implied 
in the Propositions referred to, as will be evident 
by exhibiting the proposition of art. 97, thus : 

P X Fs virtual vel. = W X Ws virtual vel. 

.'. P : W : : Ws virtual vel. : P's virtual vel. 

We now now proceed to apply these Pro- 
positions to the simple machines. 

101. It is usual to consider the simple machines, 
or, as they are sometimes called, the mechanical 
powers, as six in number, viz . the lever ^ the wheel and 
axley the inclined plane^ the wedge, and the screw. 

102. But tliese six may be reduced to the 
following three classes. 

1. Those in which there is employed a solid 
body moveable round a fixed axis, and this class 
includes the lever, and wheel and axle. 

2. Those in which force is transmitted by cords 
or bands, and this includes all the various kinds 
of pulleys. 
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3. Those in which there is employed a hard 
surface inclined to the horizon, and this in- 
cludes the inclined place^ the wedge, and the 
screw. 

But we will consider each of the six mecha- 
nical powers separately. 

SECTION L 

THE LEVER. 

103. A lever is any inflexible or solid rod 
turning on a fixed axis. 

The fixed axis is called the fulcrum, and the 
lever is at first supposed to be without weight. 

The lever may be straight or bent. The arms 
of the lever are the distances of the points of 
application of the forces from the fulcrum. In 
the crooked or curved lever, the arms are mea- 
sured in the straight line. 

Thus in 
the curved 
lever A FB, 
the arms 
are the dis- 
tances re- 
presented by the dotted lines. 
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104, There are three kinds of levers. 

Fhrst, when the A F 

fulcrum is between 
the power and weight. 

(fig.) 

Second, when the 
weight is between 
the fulcrum and 
power, (fig.) 



B 



I 



w 



A 



W 



1. 



Third, when the 
power is between 
the weight and the 
falcrum. (fig.) 



p 



B 



& 



w 



105. In each of these forms the condition of 
equilibrium is the same ; and if the directions of 
the power and weight be parallel, as in the above 
figures^ we obtain from art. 96, 

P : W : : FB : FA, 
or the power is to the weight inversely as the 
arms. The arms are in this case the perpendi- 
culars let fall in the direction of the forces. 

When either power or weight is oblique to 
the lever, we have to substitute the perpendiculars 
let fall on their directions for the arms : thus in 
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fig. if FM, FN are perpendiculars let Ml from 
F on the directions of P and W, 
P: W::FN:FM 

: : FB sin FB W : FA sin FAR 




The same formulae will apply to bent levers as 
well as to straight. 

107. From the formula of equilibrium it follows 
that we increase the effect or leverage of the 
power^ either bj increasing the arm on which it 
acts, or diminishing the arm at which W acts. 
There is, however, a limit in practice, for too 
long a lever is heavy, and liable to break. 

108. In all cases, a load is thrown on the 
fulcrum, which must be estimated. 

In levers of the first order, the pressure on the 
fulcrum = P -f W, 
In those of the second and third, it = P — W. 
If several weights or forces act, the Proposi- 
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tions in arts. 98, 99, at once give the fonnula of 
equilibrium. 

109. The weight of the lever itself may easily 
be taken into account, by regarding it as col- 
lected in its centre of gravity. It is then only 
another force applied at a given point. 

110. When a bar rests on two props, and sup- 
ports at some intermediate point a given weight, 
the pressure on a B c 
the props is at ^ 
once determined 
by the principle 
of the lever. 
Thus, if ABC (fig.) represent such a bar, 

the pressure on prop at A: pressure on prop at C : : B C : B A, 

or inversely as the distances of the point from 
which W is suspended. 

111. The condition of equilibrium in a com- 
pound lever is obtained, by combining the effect 
of each one separately. 

Thus if (fig.) AFjB, BF C, CF3D represent a 

system of three levers, in which the end B of the 

A Fi g ^ ^ F3 
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2 



F,A. 
FjB. 
F,C. 



first acts up on the second, and the end C of the 
second acts down on the third, and F^, F,, F3, are 
the folcra, we have, 

P : Force at B : : B Fj 

Force at B : Force at C : : C F. 

Force at C : W : : DF3 

Whence by composition, 
P: W :: BFi X CF2 X DF3 : F^A X FjB X F3C. 

Or we may at once apply the principle of virtual 
velocities, and then we have, 

P : W : : Ws virtual vel. : P's virtual vel. 

112. Levers 
of the second 
order are fre- 
quently ar- 
ranged as in 
fig. Where 
AFp CF, are 




connected by 
the link BG, 
andCFjjEFg 
are connected 
by the link 
DE. 

113. The applications of the lever are very 
numerous, and many familiar examples will 
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ocoar to the stadent: the following statement 
will exhibit the various purposes to which a lever 
may be applied : 

1. With a small power to hold in equilibrio or 
set in motion a great weight; e. g. a crow bar^ &g. 

2. To change the direction in which forces are 
acting. For this purpose a bent lever is fre- 
quently employed, as in the common beUpulls^ Sac. 

3. To communicate motion from one point to 
another, and either to produce the same velocity, 
or a velocity bearing a certain ratio to the velocity" 
at command, or sometimes to convert a recipro- 
catory motion into a rotatory. The lever when 
thus employed is called a rod or link. The foot 
board of a turning lathe and the crank are 
familiar examples of link-work. 

4. To magnify motions so minute as not other- 
wise to be perceptible. This is accomplished by 
means of a lever of imequal arms, and sometimes 
by a lever of the first, sometimes of the third 
order: e. g. in iAxq pyrometer^ wheelbarometery &c. 

5. To estimate the amount of pressure, or the 
mass of a body. This is a most important 
application of the lever. There are various kinds 
of balances, but the common balance and the steel- 
yard may be here described. 
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114. The common balance or scales is, in its 
usual form, a lever of the first order. It consists 
of a beam (fig.) 
supported at its 
middle point 
with pans or 
dishes suspend- 
ed from its ex- 
tremities. In one 
pan is placed the 
substance to be 
toeighedy and 
known weights 
in the other. 

115. The requisites of a good balance are, 

1^ The horizontaUty of the beam when equal 
weights are placed in the pans. 

2. The sensibility of the system, that it may 
indicate any slight difference in the weights; and 
the sensibility is measured by the angle through 
which the beam will be deviated by a known 
small weight. 

8. The stability y that it may tend to return to 
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the position of equilibrium if any disturbance 
take place. 

116. The first of these requisites is secured hy 
the symmetrical construction of the beams, pans, 
&c. and by thus taking care that the centre of 
gravity of the whole may be in the line which is 
perpendicular to the beam through the point of 
suspension. 

117. The second is secured in practice prin- 
cipally by excellence of workmanship, which 
diminishes friction. The beam is fitted at the 
point of suspension with knife edges of very hard 
steel ; these in the common balance rest in a loop 
of metal, and the deviations of the beam are 
observed by an index which vibrates within the 
sides of the loop. In philosophical balances, or 
those used in weighing precious stones, &c. the 
knife edges rest on agate plates polished very 
truly : the ends of the beam are also furnished 
with knife edges, on which are laid agate plates, 
to which the pans are attached by silk cords. 

It is shewn by simple mathematical inves- 
tigation, that, ceteris paribus, the sensibility' of a 
balance is increased, 

a) By lengthening the arms. 

fi) By diminishing the weight of the beam. 
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y) By shortening the threads by which the 
pans are suspended, or, in other words, by bring- 
ing the centre of gravity near the point of sus- 
pension. 

I) By diminishing the load ; or the balance is 
more sensible when used for small weights. 

118. The third requisite of a good balance 
depends on the centre of gravity being below 
the point of suspension, and the lower it is, the 
more stable, as may be inferred from art. 86. 

Hence if we increase the stability, we diminish 
the sensibility, (art. 117. y.) The best way 
of combining the requisites, is to lengthen the 
arms (art. 117. a.) without increasing the weight, 
(art. 117. j3.) but this may be at the expense of 
their rigidity or strength. 

119. The common steely ard^ or Roman balance, 



» 





IS 



a lever of the first order, consisting of a 
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beam supported by kuife edges in a loop, a|id 
having one arm longer than the other. The 
body to be weighed is suspended at the end of 
the shorter arm, and its weight is ascertained 
by sliding a given weight along the other 
arm. The larger arm is graduated, and the 
weight of the body is read off on the graduation. 
The divisions of the arm are equidistant, or form 
a series of arithmetical progressionals measuring 
from the fulcrum. 

120. In the Danish steelyard, (fig.) the coun- 
terpoise is fixed at one end, but the fulcrum 
is moveable. The divisions of this are unequal, 

^ n / ^ 

m I I HJ I I I F— 

G I> 
W 

and if the distances are measured from the end 
to which the body to be weighed is suspended, 
they form a series of harmonical progressionals, 

SECTION II. 

THE WHEEL AND AXLE. 

121. The wheel and axle (fig.) consists of a 
cylinder which is supported on pivots at its 
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extremities, and is capable of revolviDg about 
those pivots ; Rnd 
to this cylinder is 
attached a wheel 
of larger diameter, 
with its centre in 
the axis of the 
cylinder, and so 
that the two re- 
volve with one ^ ^ 
common motion. 

The weight is suspended by a cord which 
winds round the cylinder or axle, the power is 
applied to the circumference of the wheel. 

122. The power may be that of man, or an 




animal, or inanimate matter, and the way of 
applying the power is various. Sometimes the 
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wheel is furnished with projecting spokes, to 
which the human hand may be applied ; some- 
times a single crooked arm, or winch, is employed 
instead of the wheel, as in fig. Sometimes 
an animal is employed within a large wheel or 
barrel ; sometimes a weight is suspended by a 
string, and coiled round the wheel, as in fig. p. 77; 
or the force or weight of water is applied by 
means of floats or buckets, as in water-wheels. 

123. The con- 
dition of equili- 
brium is easily 
derived from the 
lever; for as we a 
assume the con- 
struction per- 
fectly rigid, we 
may conceive the 
power and weight 
to act in the 
same plane, and 
then we have the case represented in fig. whence, 
P: W::FB:FA 

: : radius of axle : radius of wheeL 

This fonnula at once follows from the prin- 
ciple of virtual velocities ; for here, if motion be 
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communicated, the actual velocities are pro- 
portional to the virtual velocities; and if one 
turn be given, we have, 

▼el. of P : vel. of W : : cireumf. of wheel : oircamf. of axle. 

: : radius of wheel : radius of axle. 

124. We may increase the efficacy of a given 
power either by increasing the radius of the 
wheel, or diminishing the radius of the axle; but 
in the one case we make the size inconvenient, in 
the other the axle becomes weak. The Chinese 
wheel and axle obviates these disadvantages, by 
employing an axle of two parts, as in fig. one 




part thicker than the other, the rope is made 
to pass through a fixed pulley, to which the 
weight is attached, and to roll off the smaller 
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part of the axle while it rolls on the thioker. 
The condition of equilibrium here is, 

P : W : : ^ difference of radii of parts of axle : rad. of wheel. 

The efficacy is unlimited, since we may diminish 
without limit the difference of the radii of the 
thicker and the thinner parts of the axle. 

In this proportion, the half difference of the 
radii is taken, and not simply the difference as 
might at first be expected. The reason of this 
may be seen by applying the principle of virtual 
velocities. Let one turn be given to the machine, 
the power, as in the simple wheel and axle, 
moves through a space equal to the circumference 
of the wheel, the part of the rope which is not 
coiled on either part of the axis is shortened by 
a length equal to the difference of the two cir- 
cumferences; but since this rope passes under 
the pulley, each side of it is only shortened by 
half this difference, and therefore the weight is 
raised only by this amount. 

125, Compound wheels and axles are- exactly 
analogous to the compound lever, and they are 
employed to communicate a force or motion 
through a greater space, or to produce different 
velocities. The power is supposed to act on the 
circumference of the first wheel, whence its effect 
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is transmitted to the first axle ; the oircumference 
of this first axle acts on the circumference of the 
second wheel, whence it is transmitted to the 
second axle, which in its turn acts on the cir- 
cumference of the third wheel, and so on. The 
formula of equilibrium is, 

P : W : : product t)f radii of axles : product of radii of wheels. 

There is in fact nothing difierent in the mecha- 
nical efiect of such a combination from that of a 
system of levers, except that it admits of a 
continuous action, and produces continued and 
regular motion. 

126. There are difierent methods of causing 
the circumferences to act on one another : 

«. Sometimes the friction of surfaces is em- 
ployed, as when the axles are simply pressed 
against the wheels. This is called Rolling 
Contact, and in this case the friction is in- 
creased by cutting the wood of which they are 
made across the grain, or by facing them with 
rough leather, or by chalking them. 

(3. Sometimes by bands, or belts, or straps. 
This is called Wrapping Connection^ and the 
bands may be crossed or no according to the 
direction required. This method properly be- 
longs to the next class of machines, in which a 

o 
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power or a motion is transmitted by cords or 
ropes, but as the bands or belts generally pass 
over wheels or axles of different radii in order 
to communicate different velocities, the efficacy 
must be estimated by the radii as above. 

y. Or most frequently by teeth or cogs upon 
the circumference of the wheels and axles, the 
teeth working one into another. This is called 
sometimes Wheel and Pinion work, the axles 
being called pinions, and their teeth leaves. 

127. There are three kinds of toothed wheels 
distinguished by the position which the teeth 
bear with respect to the plane of the wheel. 
When the teeth are in the plane of the wheel, 
the wheel is called a spur wheel. When they 
are at right angles to the plane of the wheel, it 
is a croion or face wheel, and such a wheel is 
employed to transmit motion to another at right 
angles to it If the teeth are oblique to the plane 
of the wheel, the wheel is a bevilled wheel ; and 
such wheels are used to produce motion round 
an axis either at right angles, or any other angle, 
according to the inclination of the teeth. 

128. In toothed wheel work, the teeth and 
leaves must be made similar, and to fit into one 
another, so that the number of teeth is a measure 
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of the circumference and proportional to the 
radius ; hence the efficacy of such combinations 
may be readily found by counting the teeth, and 
we have, 

P • W • • i product of teeth > . f product of teeth ) 
• ^^ '• J of all the pinions J * \ of all the wheels j 

129. The shape of the teeth is a question of 
great importance ; if they were merely pegs or 
pins, there would be a scraping and a jolting 
motion, and hence great wear and tear. In the 
construction of teeth the following points should 
be attended to : 

a. The teeth of one wheel should always press 
at right angles to the radius of the other, or else 
force would be lost. 

jS. As many teeth as possible should be in 
contact at the same time, that one may not have 
to resist the whole strain. 

y. The direction of pressure should be the 
same during the whole action, in order to ensure 
uniformity of effect. 

S. The surfaces must roll over one another, and 
not rub or scrape. 

130. These conditions are fulfilled by con- 
structing the teeth in the form of part of the 
curve known as the involute of the circle, or 
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else in that of an epiojcloid. These two curves 
are commonly employed, but various other forms 
will satisfy the conditions. On this subject and 
on the Elements of Machinery in general, the stu- 
dent should consult the master work of Professor 
Willis, entitled, " the Principles of Mechanism.'^ 

SECTION in. 

THE PULLEY. 

131. 77^ puUey consists of a wheel called a 
sheave J fixed in a block, and turning on pivots ; 
round its rim is a groove over which a cord may 
pass. The pulley may be ei^exjixed or moveable. 

Although the term pulley implies the com- 
bination of a rope and a wheel, yet the effect of 
the machine depends altogether on the rope ; the 
wheel is introduced solely for the purpose of the 
diminishing the effects of friction and rigidity^ or 
the imperfect flexibility of the rope. The con- 
sideration of both these is omitted in our first 
approximation, and hence our formulsB of equili- 
brium may be derived without regarding the 
wheel, or that which is more properly called the 
pulley. As soon, however, as motion is given, 
the wheel is most important, for it transfers the 
friction which would arise from the roughness of 
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the rope to the polished pivot, and by turning 
the rope over a curve instead of at a sharp angle 
it gets rid of the effect of imperfect flexibility. 

132. In deducing then the formulae of equili- 
brium for the different combinations and arrange- 
ments of pulleys, we consider whether the force 
is transmitted by the same cord, or by different 
ropes or cords acting on one another. 

If a cord is perfectly flexible, (as theory first 
supposes it to be,) it is capable of resisting only 
those forces which are applied in the direction of 
its length. Hence in the simple case of a cord 
tied to a fixed point, if a force be applied to the 
other end, the cord will not rest until it takes 
along its whole length the direction of the force. 
The cord is assumed to be without weight, or else 
we have another force acting. In the case sup- 
posed, the cord when at rest transmits along its 
whole length the force applied to the end, and 
this force is neutralized by the reaction of 
the point. Every part of the cord is pulled in 
equal and opposite directions by a force equal to 
the force at the end, and this force is called the 
tension of the cord. Hence we may state, as the 
principle of the action of cords, that when a 
cord is at rest by the action of any number of 
forces, and inconsequence takes a polygonal form, 
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as ABODE in fig. the part AB undergoes 
equal and opposite tensions in the direction of 




its length; thus also any part CD undergoes 
equal and opposite tensions in the direction of 
its length, &c. 

From this principle, the formulaB of equilibrium 
in the difierent kinds of pulleys is at once ob- 
tained. 

133. The 
simplest 
case is that 
of the single 
Jixedpulleyy 
represented 
in figs. Here 
there is one 
and the 
same rope, 
which has 
the same 
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tension in every part, in equilibrium therefore 

P = W. 

Such a contrivance is very useful for changing 
the direction of a force, or for conveniently 
applying a force. Several fixed pulleys are used 
to transmit a force in different planes. 

134. The single moveable pulley 
introduces the resistance of the 
point of support, as fig. Here the 
cord has the same tension in every 
part, and the tensions of the two 
parts support the weight, 

W 
.•.P = — 

135. This supposes the ropes 
parallel, but if they are inclined 
at an angle, (as in fig. 1. overleaf,) 
the two tensions are pulling partly 
against one another, and the formula must be de- 
termined by resolving the tensions, and ascertain- 
ing how much is really effective in supporting the 
weight. This may be done (as in fig. 2. overleaf) 
where the pulley is omitted and the weight sup- 
posed to be immediately attached to the string. 
If CP and CQ, each equal to one another, 
represent the tensions of the parts of the 
string, they produce by the parallelogram of 
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forces an 
equiyalent 
represented 
by the dia- 
gonal C W 
whioh there- 
fore repre- 
sents the 
weight sus- 
tained, and 
CW=2CM, 
whence by 
Trigonometry 




P = 



W 



W 



2 cos MOP 



cos 6^ 



if fi = angle made by the parts of the string 
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In the figure, MP, MQ represent the parts 
of the tensions lost^ by pulling against each 
other. 

136. In practice, the single moveable is 





generally combined with a single fixed, as in figs, 
but this does not change the efficacy. 

187. All systems of pulleys are combinations 
of the single fixed and single moveable: the 
simplest and most usual system is represented 
in fig. where the same rope passes over every 
sheave. In these cases the tensions of the 
several parts of the rope combine to support the 



weight, aad if n = the nuniber of striogB at the 
lower block, 



the parts of the rope being supposed parallel. 
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138. The system repre- 
sented in fig. is generally 
described as the one in 
whicli each pulley hangs 
by a separate string Its 
efficacy may be thus seen ; 
the same string passes 
over A under B, and is 
attached to Fp the two 
parts numbered 1 in fig. 
combine to hold up pulley 
B, and each exert on B a 
force equal to P, hence 
pulley B and the string 
attached to it is sustained 
by a force 2 P. This force is transmittedalong its 
whole length, and hence under C up to F2. The 
pulley C is sustained by the two parts numbered 
2 in fig. and as the tension of each of these is 2 P, 
the whole force on is 4 P. The two parts of the 
string which pass under D hence undergo a ten- 
sion of 4 P, and the whole force on D is 8 P: and 
so on, each additional pulley doubling the effect; 
hence with three moveable pulleys as in fig. 

W = 8 P = 2 'P. 
and generally with n moveables, 

W = 2^P. 
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189. The BjBtem repni- 
sented io fig. ia that in 
which eaob string is at> 
tached to the weight. The 
formula is easily asoer- 
tained according to the 
principles laid down but 
here the sum of the forces 
or tensions of the strings, 
are equal to the weight, 
and 



-P (I +3 + 4 + to.) 
and if n = number of strings, 
w-a»-i p 

140. Intheabove we have neglected the weights 
of the pulleys. Thesehowever are easily addedin. 

In the cases represented in figs. p. 87, 90, the 
weight of the lower block may be taken as ptirt 
of the weight supported. In Rg. p. 91, the effect 
of the weight of each pulley must be estimated in 
each step. So also in fig. above, but in this case 
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the weights of the pulleys are an advantage in 
favour of the power. 

141. From its portability and simplicity, the 
pulley is a most useful machine, but its mecha- 
nical advantage is diminished very considerably 
by friction and rigidity of the rope. It is computed, 
that in most cases one half of the power is lost 
when motion is communicated, and in some as 
much as two thirds. 

142. The golden rule applies in this class of 
machines as in all others, viz. that what we gain 
in power is lost in velocity ; this principle might 
have been applied to the determination of the 
formulae of equilibrium. 

SECTION IV. 

THE INCLINED PLANE. 

143. The inclined plane is the simplest of all 
the mechanical powers. It is merely a hard 
impenetrable surface inclined to the horizon. 

In practice, the plane is in all cases slightly 
penetrable, and friction modifies the results. 

144. The advantage of the inclined plane consists 
in its partly supporting the weight or counteracting 
the eflfects of gravity by the reaction of its surface. 

A hard plane reacts, as was remarked in art. 
93. in a direction at right angles to itself. Hence 
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if in fig. QO repre- 
sents the weight of 
any body placed at 
O or the force of 
gravity perpendicu- 
lar to the horizon, 
the force OQ neces- 
sary to counteract 
this may arise from 

the combined effort a q 

of O N, O F, by the parallelogram of forces. And 
if ON is perpendicular to the plane, the reaction 
of the plane supplies a force equal to ON, and 
all that is required to support the weight is a 
force equal to OF. 

145. The power 
may be applied in a 
direction parallel to 
the plane, as in fig. 
In this case the con- 
siderations of the last 




art. give 


4r ^ 


P: W::OF 


: OQ 


::BC 


A B by sim. triangles; 


: : height : 


length 


: : sin. a, : 


; 1. 



If a = the inclination of the plane to the horizon. 
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146. Or the power 
may be applied pa- 
rallel to the base, as 
in fig.* In this case 
part of the power is 
against the plane, 
and so is lost, and 
by proceeding by 
the resolution of 
force we haye, 
P: W 




B 



BC : 


AC 


height : 


base 


tan a : 


1. 



147. Or the 
power may act in 
any other direc- 
tion, as in fig. 
Here proceeding 
as before, if /3= 
the angle which 
the direction of 
the power makes 
with the normal 
to the plane, we 
obtain 

• In this and the next fig. the representation of the body or 
weight is omitted for the sake of distinctness, the directions of 
the forces are the main points to be attended to. 
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P : W : : sin a : sin ^. 

This formula includes all the cases, and may 
be derived at once from the principle of virtaal 
velocities. 

Inclined roads and the inclines on railways 
present familiar examples of inclined planes. 

SECTION V. 

THE WEDGE. 



B 



D 



148. A wedge 
in practice is a 
moveable inclined 
plane, or it may 
be regarded as two 
inclined planes 
with a common 
base AC, as seen 

in fig. 

As a mechanical 
power it is used 
thus ; a force P acts on B D the back of the 
wedge, so as to drive it between two bodies, as 
W W«, and overcome whatever resistance they 

offer. 

149. The resistance may present itself per- 
pendicularly to the length of the wedge (C A) as 
in fig. above, or perpendicularly to the sides, as in 
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fig. p. 96. In tlie former case, the wedge resembles 
the inclined plane where the power is parallel to 
the base, and we have 
P:(Wi+W2)orW::(BC+CD)orBD:CA 

: : back : length. 

In the other case, (fig. above,) 
P:{Wi 4- W^lorW: : (BC+ CD) or BD : BA 

: : back : side. 

The universal rule of 

P : W : : W8 virtual vel. : P^s virtual vel. 
holds good, and may be applied here also. 

150. The theory of the wedge is not however 
applicable in practice. The effect of friction is 
wholly neglected, and this bears a very great 
ratio to the power. Besides, the power employed 
is commonly percussion ^ and not pressure : and 
percussion and pressure are not very easily com- 
pared. We shall make some remarks on the 

H 
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eomparison hereafter; at present it may suffice to 
observe, that percussion is much more able to 
overcome the molecular forces which in the appli- 
cations of the wedge are commonly brought into 
action, than almost any amount of pressure. Prao- 
ttcally also, fiiotion, which would be a disadvon- 
tt^ as opposed to pressure, becomes of use id 
the case of percussion, as the wedge is held in 
its place by Mction, during the intervals of per- 
cussion. 

151. The stones of an arch are truncated 
wedges. 

SECTION VI. 

THE 8CEEW. 

153. T%e screw is a winding wedge, or a 
winding inclined plane. 

A scTew-line may be thus generated. Let A B 
be acyliuder, (fig.) ODE a right angled triangle, 




with the height CD equal to the height of the 
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cylinder, suppose CD to be applied to the cylin- 
der, aud then the cylinder turned so that the 
tight angled triangle shall be rolled round it, as 
represented partially in fig. the hypotenuse C E will 
then trace a screw- 
line at the surface of 
tbecylinderAodifa 
projecting thread or 
rib be placed where- 
ever the screw-line 
is, we have the con- 
trivance called a 
terete. 

This cylinder with its projecting rib is in 
practice made to work in a hollow cylinder, with 
a spiral cavity cut out corresponding exactly to 
the thread on the convex cylinder. This hollow 
cylinder is sometimes called the nul. 

153. This mode of description connects the 
screw at once with the inclined plane; and if the 
power be applied to the top of the screw in a 
direction parallel to the base, we derive as the 
condition of equiltbriuoi, 

If A >r tl]e distance between tno threads, 
and r — radius of cylinder 
; height of plane : base, bj art. 146. 

: diat. botneen the threads : cicumference of cylinder 
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154. The most unusual way of applying tbe 
power is by means of a lever attached to the 
heady as in fig. In this way the screw is a com- 
pound machine, and 
its efficacy is deter- 
mined by combin- 
ing the separate effi- 
cacies; and hence, if 
p denote the power 
if applied as in last 
art. that is at A, and 
P the power at the 
end of the lever or 
atB,andFB = R, 




/. P : p :: FA 


: FB by lever 


: : r 


: R 


andp : W : : h 


: 2 w r by last art. 


.-. P : W : : h 


: 29rR 



or, in other words, the power is to the weight as 
the distance between two threads to the circumfer- 
ence of the circle described by the power in one 
revolution. 

This same relation follows immediately from 
the universal principle of virtual velocities. 

155. Power is therefore economised in the 
screw by making the threads very near one an- 
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Other, or by lengthening the lever to which the 
force is applied. The limits are those which are 
caused by want of strength in the thread, and 
awkwardness in the length of the lever. The 
double screw proposed by Hunter, in which one 
screw works within another, one ascending while 
the other descends, presents a contrivance for 
indefinitely augmenting the efficacy of any given 
power. (fig.)The 
threads may be 
of any strength 
and magnitude, 
but may have a 
very small differ- 
ence in relative 
distance. This 
machine is very 
similar in prin- 
ciple to the Chi- 
nese wheel and 
axle. 

156. The purposes to which the screw is ap- 
plied are various ; it is sometimes employed 

a. To compress bodies closely: as in presses, 
&c. 




102 STATICS. 

/3. To raise weights, as in elevating cannon, 
&c. 

y. To produce uniform aud delicate movementSy 
as in micrometer screws, &c. 



BOOK III. 



DYNAMICS. 



CHAP. I. 

MOTION AND THE LAWS OF MOTION. 

157. We now come to that branch of Mecha- 
nics which treats of Motion, and to which the 
name of Dynamics is given, because motion is an 
effect of force. 

158. Motion is a change of place, as Rest is a 
permanency in the same place* 

159. With regard to the motion of any body, 
the following points may be observed: 

a. The direction or path which the body takes. 

0. The amount of change of place, or the space 
passed over. 

y. The tiine occupied in the change. 

The path in which the body moves is obviously 
represented by the line along which it moves, 
and this whether straight or curved : but in the 
latter case, i. e. if the path is curved, direction 
at any given instant would be represented by a 
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tangent to the curve at the point at whieh the 
body is at that instant. 

The other two circumstances of the motion, viz. 
the space passed over and the time occupied, are 
the elements which determine that which is called 
the rate or velocity of the body : and velocity is 
measured by the space passed over in a given 
time. Thus we say, so many miles per hour^ where 
one hour is the given time ; or again, so many feet 
per secondy where one second is the given time. 

In mathematical and scientific investigations, 
one second is usually taken as the given unit of 
time. 

160. But the motion may be either uniform or 
variable. 

In uniform motion, equal spaces are passed over 
in equal successive portions of time. 

In variable motion, the spaces in equal times 
are not equal: they may however vary from one 
another according to a law, in which case the 
motion may be uniformly accelerated or uniformly 
retarded^ according to the law. 

161. Uniformly accelerated motion is that in 
which the spaces in equal and successive times 
form an increasing arithmetical series : as, for ex- 
ample, when the spaces are represented by the 
numbers 1, 3, 5, 7, 9, &c. 



THE LAWS OF MOTION. 105 

Uniformly retarded motion is that in which the 
spaces give a decreasing series. 

162. It is only in uniform motion, that we can 
measure the velocity by the space actually passed 
over in a given time ; and in this kind of motion, 
if the body has passed through a space, S in a 
time T and Fbe the velocity, the three quantities 
S> F, Ty are connected by the equation 

8=vrox r=| - 

This is easily derived from the definition of ve- 
locity, and from the uniformity of motion ; for 
F= space in unit of time. 
T^is assumed to bereferred to this same unit, and 
space in T units : space in 1 unit : : T : 1 
.\ S : r :: T : I 

.-. S= VT, 

163. If the motion be not uniform, the velocity 
at a given instant is measured by the space that 
would be described if the motion from that instant 
were to be uniform during the unit of time'. 

164. Motion also may be either absolute or 
relative J just as rest may be. 



■ The mathematical student wiU here easily deduce the 
^onnula V = jj~^ *^® expression for the velocity in all cases 
where the motion is variable. 
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llie term, relatiTe motioD^ is used when the 
motion of a body is referred to a point or body 
which is itself in motion ; and if the bodies are 
moving in the same direction, the relative velocity 
is the difference of the actual velocities, but if in 
opposite, it is the 9um. In both cases, the relative 
velocity is expressed by the formula V^ :q^ V^ 

165. Absolute rest is not known to exist in any 
part of creation. The whole universe is probably 
in motion, and this in consequence of an original 
impulse given by the will of the Creator, which 
remains impressed upon all matter by virtue of 
that great quality of inertia which was noticed in 
Book I. 

From the inertia of matter, a motion once 
imparted to it must be retained until it is de- 
stroyed by some external agency ; and fiirther, if 
a body in motion is left to itself, it will continue 
to retain the imparted motion uniformly and in 
the same direction. This consequence of inertia 
is enunciated in that which is called, 

166. The First Law of Motion, viz. A body at 
rest will continue at rest, and a body in motion wiU 
continue in uniform rectilinear moiion, unless it is 
acted on hy some external force^. 

i> This law is thus stated by Sir Isaac Newton in his Prindpiai 
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The first paxt of this law is self-evident. The 
latter, although we have consideredit as a neces- 
saiy consequence of the idea pf matter, is not 
at first so readily received. Philosophers for- 
merly held it as an axiom, that matter loved rest ; 
and hence any motion imparted was soon over- 
come by this natural tendency to repose. The 
law is however capable of experimental proof, 
not indeed direct, but we can shew, that in pro- 
portion as the impediments to motion are 
removed, we approach nearer and nearer to 
uniform rectilinear motion. The impediments 
to motion on the surface of our planet are fric- 
tion and resistance of the air ; and these we can- 
not altogether remove. But in the motions of 
the heavenly bodies, we may have conclusive 
proofs of the law. Every movement of every 
part of that vast and wonderful system can be 
explained on the supposition of the truth of the 
law, and cannot be explained without. Each 
body rolls on in its appointed path, fulfilling its 
course, because by its inertia it retains the im- 
pulse which launched it into space. 

*' Coipus omne perseverare in statu suo quiescendi vel movendi 
nniformiter in direction, nisi quatenus a viribus impressis cogi- 
tnr statum ilium mutare." 
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But we may trace the effects of this law in 
our daily experience. A large body cannot be 
stopped suddenly, e. g. a railway train. Again, 
in a sudden collision, the passengers are thrown 
forward. 

Fly-wheels in machinery derive their use from 
this law. 

167. An important effect of this great law is 
seen in all those phsenomena which are said to 
be the effects of Centrifugal Force'', Whenever 
a body is compelled to move in a curve, it has 
from its inertia a tendency to fly off from the 
curve at a tangent, as re- 
presented in fig. and it 
would do so unless it 
were retained in the curve 
by some force, whether it 
be a string, or some force 
of attraction. This ten- 
dency is capable of exact estimation, and in 
a subsequent chapter its measure will be given ; 
but it is an immediate consequence of the great 
property of inertia, as stated in the first law of 
motion. 

« The term force thus employed is obviously inaccurate, and 
so also the expression vis inertia. 
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Many interesting and important phaenomena 
arise from this tendency, or, as it is called, centri- 
fugal force. 

168. Motion has been stated to be the effect 
of force, and force we defined (art. 46.) to be 
that which produces or tends to produce motion, 
or a change of motion. This mode of state- 
ment restricts the idea of force to its effects, and 
this is the best method of proceeding, as we are 
commonly ignorant of any cause, except so far 
as it is made known by its effects. 

But there is a difference in the way in which 
forces act, and a corresponding difference in 
their effects: and it is usual to divide forces 
with regard to the duration of their action into 
momentary or instantaneous and continued or per- 
manent. 

169. Momentary forces are those which act 
only to set the body in motion, and no longer 
exert any influence, e. g. an impulse or blow. 

170. Continued forces exert their influence 
during the motion without interruption or ces- 
sation, as is seen when a stone is drawn to the 
ground by the force of gravity. 

171. In strictness, momentary forces require a 
time for the production of their effect, although 
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this time is very small; and impact and pressure 
may be brought more nearly into comparison, by 
regarding impact as a force of great intensity 
acting during a very small time, whereas pressure 
is a force of small intensity acting during a long 
time. There is nevertheless a difficulty in 
making the comparison. Impact produces effects 
wholly different from those which are produced 
by pressure, overcoming by the suddenness of 
its energy the state of rest of the molecular 
forces of a mass, or the friction between different 
bodies. 

Momentary forces having acted on a body, 
leave it to itself, and hence the body by its 
inertia moves off with the velocity imparted, and 
this velocity is a measure of the force. 

172. Continued forces are divided into uniform 
and variable. An uniform continued force is that 
which produces either an uniformly accelerated 
or an uniformly retarded motion ; and the same 
force may be either accelerating or retarding, 
according as it acts in the direction of motion, or 
in an opposite direction. The force which pro- 
duces an uniformly accelerated motion is some- 
times called an uniformly accelerating force, or 
more concisely, an uniform force. 
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It is measured by the velocity which is pro- 
duced in a given time, which in scientific in- 
vestigations is generally one second: and since 
in consequence of its uniformity it produces 
velocities always proportional to the time of its 
action, we have a simple relation between the 
force /, the velocity produced v, and the time of 
action t, assuming t to be expressed in seconds. 

For, vel. in 1' : » : : 1' : t 

.'. vel. in 1' or/= -T 
or f? = ft. 

173. In variable forces we must ascertain the 
velocity that would be produced if the force 
could be continued uniform, or obtain the in- 
crement of velocity in the indefinitely small in- 
crement of time ^. 

174. This method of estimating forces by their 
effects is equivalent to the statement contained 
in that which is called 

The second Law of Motion, which is usually 
enunciated thus: Every motion or change of 
motion produced in a given body in a given time 



dv 
^ This is expressed mathematicallj/ « —j 

d V 
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is proportional to thejorce which produces it^and 
in the direction of the force*. 

This law of motion is involved in the definition 
of force, and therefore it ought not to be con- 
sidered as a law, but rather an enunciation of 
results'. 

175. It may be remarked, however, that this 
law of motion contains a distinct statement, that 
the law of the composition of velocities is iden- 
tical with that of the composition of pressures, 
and that we may apply our conclusions as to 
the composition of statical forces in Book II. 
Chap. I. to the composition of motions. This is 
indeed no more than necessarily follows, but it 
must be observed for the sake of accuracy of 
reasoning. 

176. The above estimates of the effect of a 
force do not take into account the mass or quantity 
of matter which is set in motion, or, in other 
words, we estimate force by the velocity gene- 
rated in the unit of mass. When the mass is 

*" Newton's enuuciation of the law is this : '< Mutationem motiis 
proportionalem esse vi motrici impressce, et fieri secundum 
lineam rectani qua vis ilia imprimitur." 

' This question is most ably and thoroughly discussed in a 
Paper by Professor Powell, on the Nature and Evidence of the 
Primary Laws of Motion, published by the Ashmolean Society. 
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taken into account, the force is called a moving 
forcBy and a moving force is estimated by the 
product of the ma^s and the velocity generated; 
or, moving force =' mass X vel. generated. 

= mass X ace. force. 
The product of the mass and velocity is called 
the momentum of the moving body, and some- 
times the quantity of motion ; but this term is 
liable to be misunderstood. 

177. This definition of momentum enables us 
to give a simple explanation of 

The third law of Motion^ viz. action and 
reaction y are equal and opposite^. 

This law may be thus stated ; in the mutual 
action of two bodies^ the momentum lost by one is 
eqtuil and opposite to that gained by the other. In 
fact, the word action in the law means moving force. 

This law, like the second, is sometimes re- 
garded as a necessary consequence of the defi- 
nitions : it is, however, capable of experimental 
illustration, and it expresses a law of great im- 
portance in determining the effects of collision, 
or the mutual action of bodies on each other. 

« Newton's enunciation is, "Actioni contrariam semper et cBqua- 
lem esse reactionem : sive corporum duorum actiones in se 
matQo semper esse lequales et in partes contrarias dirigi." 

I 
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CHAP. II. 
ON RECTILINEAR MOTION. 

178. In the last chapter we explained the 
terms uniform motion^ uniformly acceleraiing 
force^ &c. 

The simplest case of rectilinear motion is that 
which would result from a momentary or impul- 
sive force, if no other force or no impediment 
interfered with the effect. The first law of 
motion expresses the consequence. But we have 
rectilinear motion arising from the action of con- 
tinued forces, and the relations of force, time, 
space, and velocity, in the case of an uniformly 
accelerating force, are of importance. 

179. Proposition. The space described from 
rest by a body under the influence of an uniformly 
accelerating force is, at the end of any time^ half 
that which would be described if the body had 
moved for the same time with the last acquired 
velocity continued uniform during the whole 
time. 

It has been shewn, art. 162, that in uniform 



i 
I 
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motion the space («) the velocity («?) and the time 
(0 are connected by the equation 

s=^ t V. 
Hence if one side AD of the rectangle ABCD, 
(fig.) represent the velo- 
city, and the adjacent 
side AB represent the 
time, the rectangle 
ABCD will represent 
the space described: 
i. e. it will have the 



same number of units A M M M b 

12 3 

in it as the space would have according to the 
proper units of time and velocity ; for 
the rectangle = AB X AD 

= tv. 
Also it is evident, that if AM^ represent any 
intermediate time, the perpendicular M^P^ will 
be the velocity at that time, and for every AM, 
we must have MP = AD or the velocity con- 
stant. 

But if the body move from rest by the action 
of an uniformly accelerating force, the velocity 
at the commencement is zero, and it goes on 
increasing uniformly during the whole time of 
motion, and by the definition, art. 172, it is pro- 
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portional to the time. If therefore AB the base 
of the right angled tri- ^ 

angle ABC (fig.) re* 
present the time, and 
the perpendicular BC 
represent the last ac- 
quired Telocity, the 
triangle itself will re- a M B 

present the space, since at any intermediate 
time as that which would be represented bj 
AM, the perpendicular MP would represent the 
Telocity at that time, for 

AB:BC:: AM:MP. 
But the triangle ABC = | AB X BC 

/. * = J tv 
where v == the last acquired velocity*. 

180. By combining this formula with that 
deduced in art. 172, riz. 

v=ft 
we obtain 9 = ^ t X ft 

Therefore with the same force, the spaces^ reckon' 
ingfrom resty are aa the squares of the times. 

8 This proof is not so complete as that given by Wood in his 
Mechanics, in which the method of Newton is adopted : but it 
may be regarded as sufficient in a work of this kind. 
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181. Also as 
we have 



'=7 

^ / 
/ 



8 == 



or «?• = 2/«. 



Hence with the same force the spaces from rest 
are as the squares of the last acquired velocities. 

These two conclusions might have been at 
once deduced from the representation of the 
space by the triangle ABC, as in art. 179; for 
bj Euclid, the areas of similar triangles are as 
die squares of the sides, 

Hence area of ABC oc AB* or ex BC?. 
.". s oc t^ or (X t?^ 

182. Proposition. The spaces described from 
rest in equal successive portions of tim£ by a 
body a^ted on by an uniformly accelerating force, 
o>re as the series of odd numbers^ 1, 3, 5, 7, &c. 

This is readily 
deduced from the 
formulae of art. 180 ; 
but it is also evident 
from a simple in- 
spection of the fig. in 
VYhichifAMi=MiM2 
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« 

= M2M3 = M3B, and each represents equal times, 
theVeas AM^Pi, P1M1M2P,, PfM^M,?,, PsMjBC^ 
will on the principle of art 179. represent the 
spaces ; and it is plain that 

PiMiM,P,==3AM,Pi 

PjMjMaPa = SAM^Pi 

&c. &c. 

183. The best exemplification of these formu- 
lae is obtained from the motion of bodies falling 
from the action of gravity. 

The property of gravity, as possessed by all 
bodies on the surface of the earth, was noticed in 
Book I. This property is indeed only a pecu- 
liar effect of an universal principle called Gravi- 
tation, by virtue of which one particle of matter 
has an attraction for and is attracted by every 
other particle. It is this principle which sustains 
the earth and the planets in their orbits, and 
governs their motions. The several bodies of 
our system are attracted by the sun and by each 
other, and every circumstance of their motions, 
every irregularity and perturbation, is deducible 
from this one principle of gravitation, combined 
with an original impulse from the great Creator. 

The experiments of Dr. Maskelyne, near 
Skehallion, and the very delicate observations of 
Cavendish, have clearly shewn, that this principle 
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acts in and upon every particle of matter. It is 
this which causes the apple to fall when libe- 
rated from the tree, and determines the revolutions 

of the moon. 

184. The law acijording to which one body 
attracts another is ascertained to be the mass of 
the attracting body divided by the square of th6 
distance from its centre ; or expressed thus, 
^ mass 

^''''^ °^ (dii^« 

Hence if the distance be the same in two 
cases, or when two attracting bodies are com- 
pared, the force will simply vary as the mass. 
Thus if one of Jupiter's moons be supposed to 
be at the same distance from his centre as our 
moon is from the centre of the earth, 

The force of Jupiter on his moon : The force of the Earth on 
our moon : : mass of Jnpiter : mass of the Earth. 

Also if the same attracting body act on bodies at 
different distances, the mass is the same and the 
force varies inversely as the square of the dis- 
tance. Thus the two nearest of Jupiter's satellites 
are at distances from him which are approxi- 
mately represented by 6 and 9; hence taking these 
as the distances, 

The fozee on 1st satellite : The force on second : : -^ * -gj 

:: 81 : 36 
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185. When a stone is liberated at a distance 
from the surface of the earth, in mathematical 
strictness it attracts the earth, and the earth at- 
tracts it, but on account of the great mass of the 
earth compared with that of the largest stone 
that can be placed at a distance from it, the space 
through which the earth is drawn is absolutely 
inappreciable. The stone therefore descends, 
and it strictly descends in a line which if pro- 
duced would pass through the centre of the earth. 
The directions in which the force of gravity thus 
acts at different places are truly lines converg- 
ing to the centre, and a plumb line is such a 
line. But if two plummets were suspended at a 
distance of 1200 feet from one another, the devi* 
ation of the lines from parallelism would not ex* 
eeed the 240th part of a degree. When therefore 
we are speaking of the descent of a body near 
the surface, or comparing the motions of bodies 
near one another, we may assume that the force 
of gravity acts in lines parallel to one another, 
and perpendicular to the horizontal plane or sur- 
face of still water. 

186^ Again, the force of attraction will have a 
different intensity on bodies at different distances, 
since it will vary inversely as the square of the 
distance from the earth's centre. But if we com- 
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pare the force on bodies at a difference of alti- 
tude of one mile or half a mile, the difference 
of the force is very small. For instance, if we 
take the radius of the earth as 4000 miles, 

The force at sniface : foree at | mUe above : : 64,016,000 : 64,000,000 

: : 401 : 400 

187. There is also a variation in the force of 
gravity, arising from centrifugal force. A body at 
the equator has a greater tendency to fly off from 
the earth than in any other position, for at the 
equator the radius of the circle in which it re- 
volves is greater. The law of this centrifugal 
aotion will be given hereafter. 

188. At a given place, however, the force of 
gravity acting on bodies near the surface of the 
earth may be taken as constant, and since it acts 
equally and independently on all the particles 
which compose a body, it has a tendency to make 
all these particles move with equal velocities, and in 
parallel lines perpendicular to the surface. Hence 
it follows, that all bodies are equally accelerated 
by the force of gravity. This important con- 
clusion, which was first asserted by Galileo, seems 
at first sight to be contradicted by the slower 
descent of light bodies ; but this is owing to the 
resistance of the air. Experiment shews, that 
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in vacuo light and heavy bodies will fall toge- 
ther with a common velocity. But we may 
arrive at the conclusion by the following con- 
sideration. 

It is easily conceivable, that if two equal balls 
of the same weight were placed side by side at 
the same height, and both were liberated at the 
same instant, they would descend together, and 
would strike the ground at the same instant with 
equal velocities, and side by side. In the same 
way, if any number of equal balls, say ten or one 
hundred, were placed side by side, and set free at 
the same instant, they would fall together, and no 
difference would appear if two or more or even all 
were joined together. They would descend in the 
same way, and reach the ground at the same time 
and with the same velocity were they all or any of 
them joined or connected in groups. Nor would 
there be any different result if any number were 
moulded into one ball. The larger ball would 
fall as the smaller, since form would not affect 
the operation of gravity. 

189. Gravity at the same place is an uniformly 
accelerating force, and the velocity communicated 
in any time, and the spaces passed through, are 
connected by the equations in arts. 179, 180, 181, 
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&c. In order to apply these formulae, we require 
the determination of the value of /, or the force 
of gravity. This we can determine if we know 
how far a body will fall in the unit of time, or 
in 1*. 

It appears by experiment^, that in the latitude 
of London, a body will fall in vacuo through 
16.0904 feet in 1% and since 

we have space in 1' = -J/, or / = 2 X space in 1*. 
Hence for the latitude of London, 

The force of gravity or/= 32.1908 feet. 

This is generally represented by g, and our 
fonnulae then become 

v^gt; 8 = jigt^; v^ = 2g8. 

For convenience of illustration, we may omit de- 
cimals, and assume the value of ^ as 32 feet; and 
then we may exhibit the velocities and spaces 
in different times in the following Table. 



^ This experiment will be mentioned when the vibration of a 
pendulum is discussed. See Chap. V. 
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Time. 


Velocity acquired. 


Space passed througb. 


1' 


32 feet 


16 feet 


2' 


64 


64 


3' 


96 


144 


4* 


128 


256 


5' 


160 


400 


6' 


192 


576 


&c. 


&o. 


&c. 



If we subtract the numbers in the last column, 
each from the one below it, we have the spaces 
passed over in the several successive seconds, 
and then we have 

space in 1st second =:: 16 :=: 1 X 16 

space 2nd = 64 — 16 = 48 = 3 X 16 

space 3rd = 144 — 64 = 80 = 5 X 18 

space 4th = 256 — 144 = 1 13 = 7 X 16 

space 6th = 400 — 256 = 144 = 9 X 16 

&c. 
where the spaces are as the odd numbers 1, 
3, 5, 7, &c. 

190. An experimental exhibition of these 
results of calculation would be impossible not 
only from the great height required, but from 
the resistance of the air. The machine of 
Atwood enables us, however, to diminish the force 
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of gravity in any proportion, and to make the 
falling body descend at so slow a rate, that the 
resistance of the air is inappreciable. By this 
machine all the formulae may be verified. 

The principle of the machine is simply this ! 
Two equal cylinders 
of the same weight 
Ware connected by 
a silk cord passing 
OTer a wheel, as in 
fig. The cord is sup- 
posed perfectly flex- 
ible, and the wheel 
80 constructed as to 
get rid of friction. 
The two equal 
weights are therefore 
in equilibrium, and 
will rest if placed at 
rest, but will move 
freely and uniformly 
according to the first 
law of motion, if any 
motion is given. 

But if a small additional weight is added to 
either side, the weight on that side will descend 
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drawing up the other, and it will descend with 
all the characters of an uniformly accelerating 
motion, but in consequence of the weight on the 
other side its descent will be slow. 

In fact, if we denote the mass of each cylinder 
by My and the mass of the small weight by f», 
and call /the force which causes the descent, we 
have by art. 176. 

The moviDg force » mass moved X accelerating force 

- (2Jlf -fm)/. 

But the moving force of the desponding body, if 
not retarded by the other, would = (Jf -b m) g 

and the retarding moving force = Mg. 
Hence the moving force would equal the differ- 
ence =: mg ; 

.'. Equating these two valuesf we obtain, 

(2 M + fn)f=^ mg 

m 



.-./ = 



2 M + m 



By making m small compared M,f may be any 

2 

fractional part of gravity ; for example, if i« = —M 

y »/ 

it will be found by substitution that 

^^ 1 
•^ 100 ^' 
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Hence the effects will be the same as if the force 
of gravity were reduced to the ^^^ part; and 

while a body would fall in vacuo through 100 feet, 
the weight to which w has been added will 
descend through 1 foot, and so on. We have then 
by this machine a miniature representation of the 
phenomena of falling bodies. 

In order to simplify the explanation of this 
machine, the effect of the inertia of the wheel over 
which the cord passes has been omitted, this 
will in some degree affect the motion, and when 
accuracy is required, must be taken into account. 
It will however be but a small quantity, and it will 
have to be added to the mass set in motion. 

When the machine is used to verify the for- 
mulae, it is provided with a graduated vertical 
scale; the small weight which is added to cause 
one cylinder to descend is in the fonn of a small 
metal bar which is laid on the cylinder ; this as it 
descends is caught by a metal ring, which is so 
contrived as to slide up and down the scale, and 
may be fixed in any required position. The 
sound of the small bar striking the ring marks 
the time of descent, and enables us to compare it 
with the beats of the pendulum. Further also, 
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the descending cylinder when relieved of the 
small weight will move on with the velocity 
acquired, and we may measure this by placing 
a stage at any point of the vertical s^ale^ so that 
the cylinder may strike it. 
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CHAP. III. 
ON PROJECTILES NEAR THE EARTH'S SURFACE. 

191. There are two forces in operation on 
every projected body, by whatever means it 
may have been projected; viz. the projectile 
force, which is momentary or instantaneous; 
and the force of gravitation, whose action is con- 
tinued. The motion thus obtained is a compound 
one, and the results will be different according 
as these forces are 

«. In the same direction. 

|3. In exactly opposite directions. 

y. Or one acts in a direction inclined to the 
other, whether the angle of inclination be a 
fight or an oblique angle. 

192. If the projectile force acts in the direction 
of gravity, as when a stone is thrown vertically 
downwards instead of being simply liberated, the 
path of the body is obviously in the vertical, but 
its accelerated motion is increased at each moment 
by the velocity communicated at the instant of 
projection. Thus if v^ be the velocity of pro- 

K 
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jectdoDy its velocity at any time {t) afterwards is 
given by 

V = Vj^'^ fft 

So also the space described is the sum of the 
spaces due to the projectile velocity and the force 
of gravity, or 

193. If the body be projected vertically wptf^arA, 
gravity becomes an uniformly retarding force^ and 
continually diminishes the projectile velocity 
until it has entirely destroyed it. The body 
therefore will only continue to ascend for a 
certain time, after which, having lost its upward 
velocity, it will begin to descend just as a body let 
free, and it will return to the earth in just the same 
time that was occupied in the ascent. Also, at each 
point of the descent the velocity will be exactly 
equal to that which it had at that point while 
ascending, but in the opposite direction. 

The velocity at any point of its ascent will in 
this case be given by the formula 

v^v^—gt, 
and the time of ascent, or time to the point of 
rest, will be found by putting v = 

or t;, _ ^ ^ === .\v^—gtoxt = ^' 

9 
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The position of the body will be determined by 

Hence we may find the height to which the body 
will rise, and by substituting in this, 

1st, The Talue of «j we have s =:^ g t*. 

2dly, The value of t we have « «= J 1 

9 
or the height to which it will rise is the same as 

that through which it would fall freely in the same 
time : also it is equal to that through which it 
would fall freely to acquire the velocity of pro- 
jection. Hence also, the body at the end of its 
fall has a velocity exactly equal to that with 
which it was projected, though in the opposite 
direction. 

194. The formulae of the last arts, may be ex- 
hibited in one view by the use of the double 
sign db, thus, 

the upper or lower sign being taken according as 
the body is projected vertically downwards or 
upwards. 

195. The general formulaB for rectilinear mo- 
tion, when the force is uniformly accelerating, may 
be applied similarly when a body is projected in 
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the same or opposite direction, by merely 
putting / for g ; thus, 

v = v^z±zft * = ©! e=+zi/^«. 

196. If a body be projected so that the line of 
projection is oblique to the force of gravity, the 
body will move in the direction of neither force, 
but will take a path between the two, according 
to the relative intensity of the forces, (art. 56.) 
But as the attraction of the eaith is continually 
acting, the path will not be rectilinear, but a 
curved line. This will be seen, if we take the 
simplest case first. 

Suppose the body projected horizontally in the 

direction AH, (fig.) then if the projectile force 
A Qi Qs Q3 04 H 
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alone acted, the body would describe along this 
line equal spaces in equal times. Let AQ^ re- 
present the space along this line described in 1' 
of time, then if equal spaces be taken so that 
AQi = Q1Q2 = Q2Q3 = &c. the body would if 
undisturbed be at Q2 at the end of the 2d second, 
and so on. Now draw AK in the vertical direc- 
tion, or direction of gravity, if we measure on this 
AMj = 16 feet, and take MjMg = 3 AM^, 
M2M3 = 5 AMi, MgM^ = 7AMi,andsoon: the 
body if let fall would be at Mi, at the end of the 
1st second, at M^ at the end of the 2d, at M^ at 
the end of the third, &c. Hence if we complete 
the parallelograms AM^P^ Q^, AM2P2Q2J &c. as in 
fig. when both forces act at once, the body will 
be found at the end of the first second at P^ in 
2* at Pj, in 3' at P3, and so on ; but as the force 
of gi'avity is a continually accelerating force, the 
velocity due to this will be continually increasing, 
and the body will not have moved through the 
diagonals of the parallelograms, but will have 
traced a continuous curve instead of a broken 
line. 

197. This curve will be the parabola with its 
vertex at the highest. point or at A, and it may 
be thus shewn that the curve is of this form. 
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It is a property of this curve, that any abscissa 
as A Mj (fig*) is to 

any other abscissa 
AMj as the 
square of the cor- 
responding ordi- 
nate MjPj is to 
the square of 
M, Pj : and this 
is the relation be- 
tween the abscissa and ordinates of this curve, for 
if fj = the time from A to Pj 




^2 = 



A toP 



2 



we have AMj = ^ g t^^ AM^ =:^g t^^ 

or AMi : AMg : t^^ : t^^ 
but if v^ = the velocity of projection, 

M2P2 = AQ2 = t)i^ 
/. MiPi : M2P2 : : f 1 : ^ 
/. AMj : AMg' rrMjPi^ 

Hence the path of the projectile is a parabola 
with its verteoB at the highest point. 

From this investigation we may derive the 
two following conclusions. 

198. A body projected horizontally, has a hori- 
zontal motion equal to that which it would have if 
^cted on by the force qf projection alone. 



M3P/. 
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199. A body thus projected descends towards 
the earth in the same time as it would have done 
if had /alien freely from the same height. 

200. Peoposition. If a body be projected 
obliquely upwards, its path will be a complete 
parabola, whose vertex will be at the highest point 
to which the body ascends. 

The path will be ob- T 

tained in a manner very 
similar to that in the 
last article. Let AT (fig.) 
represent the direction 
of projection, take on 
this equal lengths AQ^ 

= Q1Q2 = Q2Q3 and to 
represent the spaces due 
to the velocity of pro- 
jection in equal times, 
draw AK in the vertical 
direction, and let AM^ 
= the space due to gra- 
vity in the time (f) in 
which AQ would be 
described ; measure 
MjMa = 3 AMp M2M3 

= 5 AMj, &c. as before, and complete the paral- 
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lelogramB, the path of the body will be the curre 
APjPjPs . . • . and it may be shewn, as in the 
last, that A Ml a MiPj^, &c. 

201. In these investigations it is assumed, that 
the resistance of the air does not affect the 
motion, or that the projectile moves in vacuo. 
In practice the resistance of the air causes the 
body to deviate considerably from the true para- 
bola, and more and more, as the velocity of 
projection increases. The determination of the 
path of a projectile in the air, is a problem which 
has never yet been solved. The resistance of 
the air within certain limits of the velocity varies 
as the square of the velocity, but assuming this 
law, the path can only be determined approxi- 
mately. 
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CHAP. IV. 

ON MOTION ROUND A CENTRE OF FORCE. 

202. The principles which we have employed 
in the last chapter, will enable us to present some 
of the great laws which govern the motion of the 
celestial bodies. We assume that the planets 
are retained in their orbits by the force of gravi- 
tation. The sun from its superior mass draws 
them towards itself. They in their turn draw or 
attract the sun, but they compared with the sun 
are so small, that this part of the action may be 
neglected. The effect of the sun is therefore 
that of a centripetal force^ constantly attracting the 
planet towards it. An impulse is communicated 
(we may suppose) to the planet, which gives it a 
velocity in a direction oblique to the line drawn 
from its position to the sun. The result of these 
two forces will be a curvilinear motion, and the 
path will be such as to fulfil the following 

203. Proposition. If a line be drawn from 
the sun to the initial position of the planet^ 
dnd this line be supposed to accompany the 
planet in its revolution^ it mil sweep out sec*^ 
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iorial arecu which are all in the same plancj . 
and 9uch that equal areas are swept out in equal ] 
times. 

The force acts continually, but we may suppose, 
(at first,) that it acts not . continuously, but by 
sudden pulls at the end of equal successive 
portions of time ; and let this time {t) be finite. 
Suppose then that the planet is projected in the 
direction AH, (fig.) and that S represents the 

d e 

H ^ .^ ^^^\ ^ 



S 

position of the sun. The sun acting on the 
planet causes it to move not in the direction of 
projection, but in some line within the angle 
SAH as AB, and suppose AB to be the space 
thus described by the planet in the time t. The 
sun by hypothesis having acted at A does not 
act again until the end of the time ; if then there 
were no interference, the planet would in the 
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next interval of time describe Bb = AB in the 
same straight line with AB, but at B the sun 
gives another pull in the direction BS, and in 
consequence of these two forces in Bb and BS, 
the planet will move in some direction within 
the angle bBS. Suppose BC this direction, 
then the point at which the body will arrive 
in the next interval t, will be found according to 
the parallelogram of forces by drawing b C pa- 
rallel to BS.' By the same reasoning, if the sun 
did not act when the planet arrives at C, it would 
describe C c = B C and in the same line, but the 
sun pulls it towards itself, the planet therefore 
moves in some direction within the angle cCS 
as CD, and D is found by drawing cD parallel 
to CS. The reasoning may be continued, and 
on the supposition we have made the planet 
would describe the polygonal path ABODE FG. 
Now every part of this polygon can be shewn, 
by Euclid XI. to be in the same plane. Also by 
Euclid I. 

triangle SAB = triangle SBb'; 
for they are on equal bases, and between the 
same parallels, and 

triangle SBb = triangle SBC, 

• The line Sb is not drawn in the diagram. 
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for the same reason as bC is parallel to SB ; 

.'. triangle SAB = triangle SBC 
and so = triangle SCD 

= triangle SDE 

&c. 
Hence taking any number together in groups we 
have 

areaSABO .-areaSDEFG :: time from A to C : time from D to G 

or areas proportional to the times. 

But the same conclusions will be true if we 
suppose the intervals of the action of the sun to 
be diminished^ and so however much they may 
be diminished ; and if we go on diminishing the 
intervals of the pulls, we approach nearer and 
nearer to continuous and uninterrupted action : 
and the limit of our false hypothesis is the true 
case of the action of the sun. But the limit of 
the polygonal figure is a curve, represented in the 
figure by the dotted line, possessing the same pro- 
perties; and hence the proposition is proved. 

204. This very important proposition was 
first demonstrated by Newton% and as above, only 
more concisely. Kepler arrived at the conclu- 
sion from observation, and it is usually enunci- 
ated as the first of Kepler's laws. 

* Principia, Prop. L 
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205. Kepler's second law is expressed in the 
following 

Pkoposition. The orbits of the planets are 
ellipses y with the sun in one of the foci. 

This was deduced by Kepler from obseryation. 
It is proved by Newton '', that if the orbit is an 
ellipse with the sun in one focus, the planet must 
be attracted by a force which obeys the law of 
gravitation, viz. that of the inverse square of the 
distance : and conversely "^^ that if such is the law 
of centripetal force, the path described by a 
body projected from a given point with a given 
velocity and in a given direction, will be a conic 
section, i. e. an ellipse, hyperbola, or parabola, 
according to the velocity of projection* 

206. The law P 
may be exhibited 
more clearly by 

reference to fig. \^ '^^^ '^ j ^^ 

where APA^ re- 
presents an ellip- 
tic orbit, S the Sun in one of the foci, P the 
position of a planet. Then 

the force on P a -gpj • 

b Principia, Prop. XI. « Frincipia, Prop. XVn. 
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The major axis AC A^ of the ellipse is some- 
times called the line of apsides. 

The vertex A nearest to S is the perihelion or 
nearer apse. 

The other Aj farthest from S is the aphelion or 
farther apse. 

207. Since by art. 203^ equal areas are swept 
out by SP in equal times, the velocity of the 
planet is the greatest at perihelion, and least at 
aphelion. 

208. The third law of Kepler is expressed as 
follows : 

Proposition. The squares of the periodic times, 
or the times of a whole revolution of the planets^ 
are to one another as the cubes of the major €uses 
of their orbits. 

This remarkable relation was deduced bv 
Kepler by a process purely tentative. A simple 
demonstration is given by Newton*. 

d Principia, Prop. XV. 
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CHAP. V. 

ON CONSTRAINED MOTION. 

209. Hitherto we have considered the motion 
of a material point, or a body conceited as a 
point, either as it is undisturbed by the action of 
any forces, or simply subjected to the action of 
an accelerating, retarding, or deflective force. We 
now proceed to examine the effects of an ad- 
ditional modification, which is introduced when 
the motion is limited to a given line or surface 
of any kind ; the body being supposed to slide 
on a surface, or confined to an imaginary curve 
or surface by a thread or threads. Suspension by 
a thread is the most convenient way of making 
experiments on constrained motion, because it 
gets rid of the effects of friction ; and the rigidity 
of the thread or rope is almost inconsiderable in 
small motions : but it is not always easy to con- 
fine the body by threads to a given surface, and 
impossible thus to limit it to a perfect plane. 

210. Proposition. When a body is placed on 
an inclined plane ^ the force urging it to descend in 
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the direction qf the plane is to the force ofgramty 
as the height of the plane is to the length 

We have already seen, (arts. 144, 145.) that 
the reaction of the plane partly neutralizes the 
effects of gravity, and in art. 146, it has been shewn 
by the resolution of force, that the power neces- 
sary to support a body on a plane, when the 
power acts to the greatest advantage is in the ratio 
of the height of the plane to the length. Hence 
the force acting down the plane is in this ratio. 
This is also evi- ^ 

dent from the in- 
spection of the 
fig. where if 6P 
represents the 
force of gravity, 
GH = FPrepre- ^ 
sents the portion 

of it which is effective down the plane, the other 
component GF is neutralized by the reaction 
of the plane. And by similar triangles, 

FP : PG :: BC : AB 

: : height : length. 

Hence if / = the force down the plane, and g = 
*he force of gravity as before ; 




ON CONSTRAINED MOTION. 



145 



Also, if A = height of the plane 
I = length 
and cL = the angle of inclination 
f : ff :: h : I 

.\f = ff-j = ^ sin a ; by Trigonometry. 

The force therefore is an uniformly accelerating 
force, and the relations of time, space, and velo- 
city are determined by substituting this value of 
/in the formulas of art. 179, &c. 

211. It follows from these formulae, that when 
bodies descend on any inclined planes of equal 
heights, but of different inclinations, the times of 
descent are as the lengths of the planes, and the 
final velocities are equal, though in different 
directions. 

For instance, 
if BAp BA2, 

BA3, (fig.) re- 
present three 
planes with the 
same height 
BC, the times 
of a heavy body 
down them are 
as the lengths, but the velocities at the several 
points A|, Ag, A3, are all equal. 

L 



B 
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212. There is aii elegant proposition of a 
similar nature, whi^h may be thus enunciated* 

Proposition. If the plane of a circle be vertical^ 
and any number of chords be drawn from points 
in the circumference to the lower extremity of the 
vertical diameter^ the times of falling through all 
those chords are equaL 

Thus if V A be the yertical diameter of the circle 
PjVPgA, and P^A, PjA, P3A represent any 
chords drawn to A the lower extremity, bodies 
let fall at the same instant from the points P^, P 
P3, down the 
chords will ar- 
rive at the 
point A at the 
same instant. 
This property 
of the synchro- 
nous descent 
down the 

chords of a 

circle is easily deduced from the formulae by help 
of a common property of the circle. 

213. The force down the inclined plane is, art. 




Pj 
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210, in a ratio to that of gravilyi depesdent on 
the inclination of the plane : hence by varying 
that inclination we may obtain a force which 
shall be any required portion of the force of 
gravity. 

Thus if the inclination of the plane be 30^, or 
the ratio of height to length : : I : 2, we have a 
force = i ^. 

By a less inclination, where /«:/:: 1 : 12, we 
obtain a force = ja ^9 ^^^ ^7 ^^^^^ ^ force the 
effects of gravity might be exhibited on a small 
scale as well as by At wood's Machine, art. 190, but 
the results are interfered with by friction. When 
a body slides along a surface, there is a loss of 
force which may be very considerable from the 
rubbing of the surfaces, or from the production 
of a rotatory motion, or from both these causes 
combined. The consideration of these effects is 
reserved to a subsequent chapter. See Chap. IX. 

214. The conclusion, art 211, with regard to 
the velocity acquired down a plane, applies also 
to every surface or curve, whether the body move 
down the curve, or be retained in it by a thread ; 
in all cases, the velocity is the same as that of a 
body falling freely down the same perpendicular 
height. 
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Thus in fig. if a body descends from B, its 
velocity in reaching ^ 
the horizontal line CA^ 
will be the same, whe- 
ther it falls vertically 
down BC, or moves 
along any of the lines 
BA, 



'V 



BAj, BA3. 




Hence if a body descend down a curve and 
move up a curve on the other side with the 
velocity acquired, it will ascend to a height 
equal to that from which it has descended. 

215. The investigation of the time of descent 
of heavy bodies down curves, is a problem not 
always capable of solution ; but there is one curve, 
viz. the cychidy for which the solution of the pro- 
blem is easy, and which possesses some remark- 
able and important properties. 

216. The cycloid is the curve traced by a given 
point in the circumference of a circle, while that 
circle rolls upon a straight line. 

Thus if in fig. PQ is a circle rolling on the 
straight line AQ, and P a point in the circum- 
ference, the curve AP traced by P is part of a 
cycloid ; A is the point where P would be, if the 
circle rolled back. 
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Henoe as the arc PQ has unrolled, as it 
were, from the straight line, the arc PQ = the 
line AQ. 

Fig. repre- ^ 

sents a whole 
cycloid or 
curve traced 
by one revo- 
lution of the 
circle, which 
is called the generating circle. 

The line AA^ is called the bascy and for the 
reason above, the base A Aj = the circumference 
of the generating circle. 

The line VC which bisects A A^ at right angles 
is called the axis^ and evidently = the diameter 
of the circle. 

217. The curve is one of the few curves which 
are rectifiabley or whose precise length can be 
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determined, and the whole length AVA^ = 4 dia- 
meters of the circle. 

Also the length of any part, as VP = twice 
the corresponding chord VQ. 

Further, the tangent at P is parallel to the 
chord VQ. 

218. The cycloid has also this remarkable 
property, that its evolute is another equal cy- 
cloid. 

Thus if in fig. APVAj is a cycloid, its 
evolute, or V 

the curve 
off which a 
string must 
unwind to 
trace it, is 
composed of 
two semicy- 
cloids, each 

equal to half the cycloid, but lying as in fig. 
with the vertices at A, A^ and their bases in a 
line OKOj parallel to A A^. The two semicycloids 
meeting necessarily as at K. 

219. This curve possesses the following me- 
chanical properties. 
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Pboposition. If a body descend by gravity 
downthearc 
ofaninver^ 
ted cycloid 
lying as in 
jig. the time 
of descent to y 

the lowest point is the same from whatever point 
the motion begins. 

Thus, the time down Pj V = the time down Pg V, 

= the time down arc A V, 
PjjPj being any points in the curve. 

This property is easily verified by experiment. 
If a grooved curve be cut in the form of a cycloid, 
and several balls be let fall from different points 
in the groove at the same moment, they will arrive 
at the lowest point together. 

220. Also if a single ball be let fall down the 
curve, it will when it arrives at the lowest point 
have acquired a velocity which is sufficient to 
carry it up a continuation of the curve on the 
other side to a height equal to that through which 
it had descended. If, for instance, it began to 
descend from P^ it will ascend to p^, if from Pj it 
will ascend to p^, &c. When it has reached this 
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highest point on the other side, it will begin to 
descend again and return to the point from which 
it started, and so vibrate backwards and forwards 
continually. In practice the ball will not rise 
quite to the opposite point on the other side, nor 
will it return to the same point again : friction 
and the resistance of the air will gradually di- 
minish the arc of vibration, and cause the motion 
to cease. But if the times of vibration, or the 
times from the highest point on one side to the 
highest point on the other, be observed, they 
will be found quam proximb equal to one another. 
In vacuo and without friction they must be strictly 
equal. 

This property gives the cycloid the name of 
the Isochronous curve, 

221. Proposition. Jf a body descend by gravity 

from one point to another in the same vertical 

plane^ but not vertically under ^ it will arrive at 

the lowest point sooner if it descend in the arc of 

a cycloid than if it take any other path. 

This remarkable property gives this curve the 
name of the Brachystochronous curve. It is a 
property of little practical utility, and the aid of 
the Calculus of Variations is required to establish 
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it. It is capable however of experimental illus- 
tration. If we take the grooved curve mentioned 
above, and a straight plane from the highest 
point to the lowest as the chord AV in the 
figure, it will be found that if two balls are let 
fall from A at the same moment, and one travels 
bj the curve while the. other takes the straight 
path, the one which moves along the curve will 
arrive at the lowest point before the other. 

222. The property of the cycloid, mentioned 
in art. 218, enables us to exhibit the isochronous 
descents by a very simple arrangement. Suspend 
a heavy ball by a flexible cord between two 
semicycloidal cheeks^ as in fig. and make the 
length of the cord 
equal to one of 
the semicycloidal 
arcs, then, raise 
the ball to the 
highest point by 
winding the cord 
on the cheek, it 
will, when let go, describe by its evolution an 
equal semicycloid, and having acquired a velocity 
at the lowest point, it will coil the string on to 
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the opposite obeek, and so be made to continue 
in tbe otber half of tbe same cycloid. When 
its motion is destroyed in tbe ascent, it will 
begin to descend again, and so continue vibrating, 
and the times of vibration will be the same 
whether it vibrate in a large or small arc. 

223. We. have in fact here a cycloidal pen- 
dulum, and it is evident from the above, that 
such a pendulum would always keep the same 
time, although the arc of vibration may from any 
cause be increased or diminished. Huygens 
proposed to take advantage of this property, and 
to apply such pendulums to clocks or time 
keepers : but it has been found that the inconve- 
niences resulting from the complicated apparatus 
necessary to introduce the cycloidal motion are 
more than equivalent to the advantage of perfect 
theoretical isochronism. Partially however the 
cycloidal motion has been of late introduced in 
some more accurate constructions. . 

224. Proposition. The absolute time of descent 
of a pendulum from any point in the curve of a 
cycloid^ to the luweat pointy bears to the time in 
which a heavy body would fall by gravity through 
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a tpcuie eqiml to half the length of the thready the 
same ratio as half the circumference of a circle 
bears to its diameter. 

This proposition cannot be established without 
mathematical formulae^ but the conclusions which 
follow from it are of considerable importance. 
The proposition itself may be experimentally 
verified in the following manner. The ratio of 
the circumference of a circle to its diameter is 
expressed approximately by the fraction ---, or 

by the square root of 10. If this latter approxi- 
mation be taken, it will follow, that the time of 
descent in the arc of the cycloid nearly equals 
the time required for the fall of a heavy body 
through ^ of the length of the thread. Let then 
a body be liberated from a point elevated i of the 
length of the thread above the point of suspension 
at the same moment that the pendulum begins to 
descend, and the body will meet the pendulum 
at the lowest point. 

Hence we may infer the following 

225. Proposition. The times of vibrations of 
differefit pendulums are as the square roots of the 
length of the strings. 

Thus if we have four pendulums, the lengths of 
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whose strings are as the numbers 1, 4, 9, 16 : 
the times of yibration are to one another as 
1, 2, 3, 4. 

. The truth of the proposition may be inferred from 
the preceding; for since, by art. 180, the times of 
falling through different spaces are as the square 
roots of the spaces, the times of vibrations of 
different pendulums will be as the square roots 
of their lengths. Tt is also capable of experi- 
mental verification. 

2*26. It follows also from art. 224, that the 
exact time of vibration for a cycloidal pendulum 
is expressed by the formula 

V 9 

where i = the time of vibration ; 

/ = the length of the pendulum ; 
«• = 8. 1 4159 .... or the ratio of the circum- 
ference of a circle to its diameter ; 
g = the force of gravity at the place of 
observation ; 
= 32.1908 feet in the latitude of London. 

227. It has been remarked, art. 223, that the 
cycloidal pendulum is inapplicable in practice; 
but it is evident from the figure and mode of de- 
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scription of the cycloid, that the curvature of a 
small portion of the arc near the vertex is very 
nearly constant, and the same as that of the arc 
of a circle whose radius is equal to the length of 
the string. In fact, if a ball is simply suspended 
to a point by the side of the point to which a 
cycloidal pendulum is attached, and if the lengths 
of the strings are the same, the vibrations of the 
two will be found to correspond as long as the 
arcs of vibration do not exceed three or four 
degrees. If the arc of vibration in the case of 
the one simply suspended, and which necessarily 
moves in a circle, be increased beyond this limit, 
there will be an increase in the time of vibration ; 
but within this, the vibration in a small circular 
arc may be regarded as identical with-the vibra- 
tions in the arc of a cycloid, and a circular 
pendulum follows the same laws as a cycloidal.- 
The above conclusions apply therefore to the 
common pendulum as long as the arc of vibration 
is small. 

228. In the above statements, the weight as 
well as the inertia of the pendulum has been 
referred entirely to one point; we have traced 
the- motion of the ball as tfae motion of a single 
point, and have not taken into account the weight 



158 



DYNAMICS. 



of the string. In practice, the pendulum consists 
of many parts, and these are not all at the same 
distance from the point of suspension. This 
circumstance will have an effect upon the time 
of vibration, as may be seen in the following 
experiment. 

Suppose two equal balls A and B be bung on 
the same string SAB attached to a point of 
suspension S, and let the length SB = 4SA. 
If this string be drawn out of the vertical, as in 
fig. the ball A would if 
free vibrate in the arc 
A A^, and the ball B in the 
arc B B^ ; but as the lengths 
of the strings by which 
tliey are suspended are as 
4 : 1, the times of the vi- 
brations of the balls if free 
would be as 2 : 1, by art. 
225; hei^ce B could no 
arrive at B^ until A had 
returned to its original po- 
sition; or, when A is at Aj 
lowest point; it follows from this, that B will 
pull back A and retard its motion, while A will 
tend at first to accelerate B, and the string will 
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no longer present a con- 
tinuous straight line, but 
bent as in fig. 

But if instead of a string 
the balls be fastened on a 
rigid rod which cannot 
bend, both must yibrate 
with a common motion ; 
then the effect will be, that 
the body nearest the point 
of suspension will have a 
tendency to accelerate the 
vibration, while that farthest 
off will retard. 

This remark may be extended to any 
number of bodies thus connected. Suppose 
several thus attached to a rod, as in fig. 
those nearest the point of suspension S will 
have an accelerating effect, and will be en- 
deavouring to vibrate in a shorter time, while 
those more remote will retard; but among 
them all, there will be found a certain point 
which will separate those which are moving 
faster than their- natural rate from those 
which are moving slower; or a point which 
if suffered to vibrate by itself would per- 
form its vibrations in the same time as 
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whole system does. Such a point is of great 
importance in the motion of pendulums, and is 
called the centre of oscillation^ and it may be thus 
defined. 

229. Definition. The centre of oscillation of a 
pendulous body i^ that point in which^ if the whole 
mass could be concentrated and suspended by a 
string without weighty the vibrations of such an 
imaginary pendulum would be performed in the 
same time as in the compound one. 

When then we speak of the length of a pen- 
dulum, the distance of the centre of oscillation 
from the point of suspension isalways meant, what- 
ever be the form of the body, and the conclusion 
and formula before deduced apply for this length. 

230. The position of the centre of oscil- 
lation cannotbe determined, even in bodies 
of a symmetrical form, without the higher 
mathematicfs. A few conclusions may be 
mentioned here, in order to shew that 
this point is not in the least identical 
with the centre of gravity. In the case 
of art. 228, where A and B are two equal 
balls, and SB = 4 SA, (fig.) the centre 
of oscillation is at some point O, so that 
OS = 35 of SA, and not midway between 
^ -ind B. 



tS 



4-0 

B 



ON CONSTRAINED MOTION. 161 



..S 



B 



If the point of suspension be between ^ ^ 
two equal balls, connected by a rigid rod 
without weight, as in fig. and if SA = 1^ 
SB = 3, the centre of oscillation is at an 
imaginary point beyond B, and so that 
SO =5. 

By placing the point of suspension ^ 
in this case nearer to the centre of 
gravity, the point O, or the centre 

of oscillation, is removed to a greater 

s 1 
distance, and such a pendulum would 

consequently vibrate very slowly, or 

like a very long one. If S were 

exactly at the centre of gravity, (fig.) „ ^ 

the system could not vibrate at all, 

for by art. 80, it would remain at 

rest in all positions. 

If a simple rod be made to vibrate 
about one end, its centre of oscillation 
will be at a distance of f of its length ; 
or SO = ISA. (fig.) 

281. If a body be suspended by an 
axis instead of a simple point, there will 
be several points at the same distance 
from this axis, each of which will be a 
centre of oscillation, and a line drawn at 
this distance parallel to the axis of ^ ^ 

M 
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suspension in the plane containing this axis and 
the centre of gravity will determine the position 
of all these points, or the position of what may be 
called the axis of the centres of oscillation. 

232. Proposition. The axis of the centres 
of oscillation and the cuds of suspension are reci- 
procal or interchangeable. 

This important and remarkable proposition is 
easily verified by experiment. Invert a pen- 
dulum, and suspend it by its centre of oscillation : 
its former point of suspension becomes its new 
centre of oscillation: for the time of oscillation of 
the pendulum will be the same in either position. 

233. This property was applied by 
Captain Kater for the accurate deter- 
mination of the length of the pendulum ^ j, 
which will vibrate seconds in the lati- 
tude of London. For this purpose a rod 
of a certain length is furnished with W 
knife edges or triangular plates of 
steel at two points, as A and B in 
fig. B having been roughly ascer- 
tained to be very near the centre of 
oscillation when the pendulum is made B — ^ 
to vibrate about A. The knife edges 
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at one of the points, as, for instance, A, are made 
to rest by their angles on agate plates, so that the 
pendulam may oscillate freely. The time of oscil- 
lation is observed while the pendulam is in this 
position, and then it is reversed, so that the knife 
edges at B rest on the agate plates. It is made to 
oscillate again, and if the time of oscillation is the 
same as before, then B is exactly at the centre of 
oscillation. But if it is not the sam*e, a sliding 
weight W with which the rod is furnished is 
moved, until the times become precisely the 
same, whether the pendulum vibrates about A or 
about B. When this is the case, the distance 
AB gives the length of a simple pendulum, which 
would vibrate in the same time, and from this 
known length, the length of that which would 
vibrate seconds can be found by simple calcu- 
lations from art. 226. 

The leugth of the pendulum which would thus 
vibrate seconds in the latitude of London is 
•39.1892 inches, and to this as a standard all our 
measures of length are referred. 

The calculation of the seconds pendulum are 
made for a given temperature, viz. 62°, and for a 
vacuum. 
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988. Temperature, as we hare remarked, ar^* 
BI9 affects the dunensions of all bodies. The 
materials of which a pendulum is made expand and 
contract by increase or decrease of heat. The 
pendulum therefore is continually increasing or 
decreasing in length, and hence there arises a 
change in the time of oscillation. Hence in 
clocks which are required to keep accurate time, 
it is necessary to introduce some contrivance for 
compensating this variation. There are various 
kinds of compensation pendulums, the general 
principle of which is to make the pendulum of 
two parts, one of which shall expand upwards, 
while the other expands downwards by the ad- 
dition of heat« 

234. The pendulum furnishes not only a con- 
venient measure of time and a standard of length, 
but observations on its vibrations fiimish us 
with other important verifications and conclusions. 
For instance: 

The pendulum verifies the fact, that all bodies 
are equally accelerated by the force of gravity. 
(See art. 188.) This it does, because a pen- 
dulum of lead, iron, ivory, wood, &c. will vibrate 
in *the same time if its length be the same : and 
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gravity is the cause of the yibration after the 
original impulse has been given. 

235. Again, die pendulum furnishes the means 
of calculating the force of gravity, or the value of 
g^ which we have been hitherto assuming. This 
value is obtained from the formula of art. 226, 
viz. 



^ 9 

from which if ^' = the length of the seconds pen- 
dulum,, and therefore ^ = 1, we have 

now V = 89.1392 inches,and 9r = 3. 14159, whence 
g = 32.19 feet in the latitude of London. 

236. By means of the seconds pendulum, we 
may by this same formula ascertain, that the 
value of g is different at different parts of the 
earth's surface, and thus the distance from the 
centre of earth is determined, and hence the 
figure of the earth. And it is found practically, 
that when the pendulum is cairied towards the 
equator, its time of vibration is longer, while 
if it is carried towards the pole, the time is 
diminished. The earth therefore is not spheri- 
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cal, but of the form of an oblate spheroid, or 
the form that would be described by the re\olu« 
tion of an ellipse round its shorter axis. 
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CHAP. VI. 
ON CENTRIFUGAL FORCE. 

237. We have before observed, art. 167, that in 
consequence of the great property of inertia, and 
as aa illustration of the first law of motion, a 
body when compelled to move in a curve has a 
tendency to fly ofi* from the curve in the direction 
of a tangent. This tendency is exerted, whether 
the body move in a curve in consequence of an 
attractive force, such as gravity exerts when a body 
in consequence of an oblique impulse describes 
a parabola, as in Chap. III. or when it is attracted 
by a centripetal force, as in Chap. IV. or when 
it is constrained by a groove, or strings, as in 
Chap. V. In short, in every case when a body 
moves in a curve, there is a manifestation of this 
tendency, which is called Centrifugai Force. 

238. The simplest case for consideration is 
when a body is made to revolve in a circle, by a 
string attached to a fixed point. In this case the 
force bears a certain relation to the velocity with 
which it revolves, and the radius of the circle, as 
expressed in the following 

Proposition. When a body is compelled to 
revolve in a circle by anyforce^ the centrifugal 
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force is proportional to the square of the velocity, 
and inversely proportional to the radius of the 
circle. 

It is evident, that the tendency to persevere in 
a straight line will increase with the velocity, and 
it is found both by calculation and experiment 
l^at it increases as the square of the velocity. 

Again, it will be more difficult to turn a moving 
body into a small circle than a large one, because 
the deflection from its course is greater in a 
small than in a large circle. This may b.e seen 
by fig. where the 
deflection Q^R is 
greater than Q^R. 
Hence ceterisparibus 
the force is greater 
as the radius of the 
circle is smaller. 

From these two 
considerations itre* 
suits that the centri- 
fugal force is mea- 
sured by the expression 




where v = the velocity of the body, 
r = the radius of the circle. 
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239. In bodies which revolve round a centre, 
die term angtdar velocity is frequently introduced 
to express the velocity of rotation independently 
of the length of the radius. 

Angular velocity is measured by the angle 
described in a given timey just as linear velocity is 
measured by the space described in a given 
time. 
Now by Trigonometry, 

A circ. arc = angle subtended at centre X rad. 
V = angular velocity X r 
/. Centrifugal force = (angular velocity)' X r. 

240. A still more convenient form is obtained 
by introducing the time of a revolution, or the 
periodic time. 

Let t = the time of a revolution or periodic time. 
ir= 3.14159, or ratio of circumference of a 

circle to its diameter. 
.'. 2»rr = whole circumf. or space described in /. 
Hence as generally, 

4f = ^f? .•. 2wr = t X V 

2irr 

substituting this in the formula of art, 238, we 
have, 

centrifugal force = 4^ ^. 
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This formula is convenient, because it is easy to 
obtain the periodic time by counting the number 
of revolutions in a given time. 

241. The above formulae do not take into ac- 
count the mass of the moving body, or, in other 
words, they apply only when the mass may be 
taken as unity, or when we are comparing the 
effects of this centrifugal force on the same body. 
If different masses are considered, we must mul- 
tiply by the mass in each case, or take the formulae 

centrifugal force = mass X — 

= mass X (ang. vel.)* X r, 

r 

= mass = 4 w* — • 

These formulae are capable of experimental 
illustrations by apparatus specially contrived for 
the purpose by Ferguson. There are also many 
familiar examples. 

242. If the body does not move in a circle, but 
moves in some other curve by the action of a 
centripetal force, the tendency must be estimated 
in the direction opposed to the attractive force. 

243. If it is constrained to move upon a given 
curve, it increases the pressure upon the curve, 
and the effect of an unit of mass estimated in the 
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perpendicular to the curve is determined by the 
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formula 

rad. of curvature. 
When the mass of the moving body is given, 
this must be multiplied in, as in art. 241. 

244. An interesting example of centrifugal 
force is presented in the diurnal rotation of the 
earth on its axis. The figure of the earth and the 
planets, which is that of an oblate spheroid, as 
mentioned in art. 236, is an effect of centrifugal 
force exerted before they were in a solid state. 

245. In consequence of centrifugal force, the 

attraction of gravitation is diminished on all 

bodies on the surface, except at the poles. This 

effect may be estimated thus : 

Suppose PQPj (fig.) to represent a section of 

P N 
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the earth, PP^ the poles, QQ^ the equator, C tlie 
centre, O any place on the surface: and for 
simplicity suppose the section a circle. 

In consequence of the rotation round the axis 
PCPj, any point at O has a tendency to fly off 
in the direction MO produced, for O revolves in 
a circle parallel to the equator, of which M is the 
centre and MO the radius. Take any line OR 
in MO produced to represent this tendency or 
centrifugal force : this may be resolved into OT, 
ON, of which ON is employed in diminishing 
gravity, or the attraction towards the centre- 
But by sim. tri. 

ON:OR::OM : OC 

::sinOCM : 1 
: : cos. lat. : 1 
for the angle O C Q = the latitude of the plane 
= X suppose, 

.-. ON = OR X cos X 

= centrifugal force X cos X 
= 49r' -^ X cos X 
when r = the radius of the circle in which 

revolves = MO. 

But if R = C O = the radius of the earth, 
r or OM == R cos X. 
.*. The part of the centrifugal force opposed to 
gravity = 4w« -^ (cos X)«. . 
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CHAP. vn. 

ON THE COLLISION OF BODIES. 

1246. We have hitherto been examining the 
phsnomena of liiotion in single bodies, and for 
the mostpart as though these bodies were collected 
in single points; we next proceed to some simple 
cases of the motions of different bodies acting on 
each other, and especially those in which one 
body impinges on another. 

247. In all cases of the mutual action of any 
number of bodies, whether they impinge in con- 
seqaence of some external force, or whether they 
approach in consequence of their mutual attrac- 
tion, there is one general principle of great im- 
portance which universally holds, and this is ex- 
pressed in the following 

Proposition. The centre of gravity of any 
system of bodies is not affected by any reciprocal 
or mutual action of the bodies composing the 
system. 

Hence if this point was at rest before, it will 
continue at rest although the bodies may approach 
in any way or impinge. If it was moving before, 
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it will continue to move in the same way, and it 
will obey the first law of motion, as though it 
were a simple moving point. This principle is 
known by the name of the conservation of the 
motion of the centre of gravity : and we have a 
grand instance in the system of the universe to 
which this our planet belongs. The centre of 
gravity of our solar system (and it must be true 
also of every other system) is uninflueneed by 
the mutual attractions and perturbations of the 
component parts. Observations shew that it is 
not at rest, it is therefore moving uniformly for- 
ward in space unimpeded by the irregularities of 
the planets ; or if, as some suppose, our system is 
only as it were a satellite to some greater centre, 
the motion of the whole system round that centre 
may be determined by the motion of its centre 
of gravity. 

This principle applies also in the same way to 
the motion of the Earth, accompanied as it is by 
its Moon, round the Sun. The common centre of 
gravity of the two moves round the Sun undis- 
turbed by their reciprocal attractions. 

248. It is obviously incorrect when we extend 
this principle to the whole universe to speak of 
the centre of gravity, for we have restricted the 
^^rm to the attraction of the Earth : it would be 
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more correct to call the point the centre of inertia. 
The centre of inertia by the first law of motion 
is a centre of parallel forces, (art. 72.) and its 
position exactly coincides with the position of 
the centre of gravity. 

249. From this principle it follows, that if two 
or more bodies approach in consequence of their 
mutual attractions, they would meet in their 
centre of gravity. 

250. When bodies come into collision or im- 
pinge on one another, the effects which are pro- 
duced depend on the form, weight, and nature of 
the bodies, and especially on the degree of their 
elasticity. In order to simplify the question, it 
is usual to consider the bodies at first as en- 
tirely without elasticity, and also of such a nature 
that they shall continue in contact and move on 
as one body after they have impinged. Although 
no such bodies exist, yet this is not an unphilo- 
sophical way of proceeding, because we can then 
separately determine the effects which are due 
to a different condition. 

251. We begin also with the simplest case of 
two such perfectly inelastic bodies moving in the 
same direction with different velocities, so that 
one overtakes the other. 
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In this case, when the latter overtakes the first, 
it will impart to the first some of its own velocity, 
the velocity of the first will increase and of the 
other decrease, until having acquired a common 
velocity they will move on together. By the 
third law of motion (art. 177.) there can be no 
loss of momentum, hence the momentum before 
and after impact must be the same. 

Let then m^, m^ represent the masses of the 

bodies 
f?i, f?j represent their respective 

velocities before impact 
a: represent their common velo- 
city after. 
.*. the momentum of the two 
before = m^v^ + ^2^2 
after = {m^ + wig) ^« 
Equating these we obtain 

X = \ 

252. If the bodies are moving in opposite 

directions, the same law applies; only in this 

case, the momentum after impact is obtained by 

the difference of the momenta instead of the sum, 

and 

^_ m^v^ — m^v^ 

m + m 
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This formula assumes, that the momentum of 
fn^ is greater than of m^^ and consequently the 
bodies will move together after impact in the 
direction in which m^ was moving before ; but if 
the momentum of m^ is the greater, the value of 
X will have a negative sign^ and they will move in 
the other direction after impact. 

253. Tf the momenta are equal, d? = 0, and they 
remain at rest after impact. 

254. If now we suppose the bodies elastic^ we 
introduce a force which separates them after 
collision, and the amount of this force of separa- 
tion depends on the degree of elasticity. If, as 
before, we take the case of the one body over- 
taking the other, this force of elasticity increases 
in the overtaking body the velocity lost, and it may 
happen that it takes so much from its velocity as 
to cause it to recede, while it increases in the 
overtaken body the velocity gained. 

In order therefore to determine the effect of 
the collision, we assume that the striking body 
loses more, while the struck body ffains more^ and 
the additional quantity thus lost and gained 
depends on the elasticity. 

Those bodies are called perfectly elastic, where 
this additional quantity would be equal to the 

N 
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former : if this quantity is half the former, they 
are called half-elastic, and so on. 

255. There are no known bodies which are per- 
fectly elastic; the degree of elasticity is therefore 
represented in general by a fraction which is called 
the moduhu qf ehuticity. This may be denoted by 
the symbol A, and the calculation of the motion 
of the bodies is conducted thus, if x represents, 
as in art. 252, the common Telocity, if the bodies 
are inelastic* 

Then by impact, if inelastic, 

the loss of wij = t?j — x; 
but by its elastioity it loses also a portion 

/. whole loss of f»i = («^i — a?) + X {v^ — x) 

= (1 + A>(f?,— x); 
and similarly 

whole gain of w^ = (1 + ^) (* — ^2)- 
If the bodies move in opposite directions, or 
meet, it is only necessary to change the signs, 
as in art. 252. 

256. These formulae are capable of experi- 
mental verification, by suspending balls by equal 
strings, so that when put into motion they move 
in arcs of the same circle, and meet directly. By 
such experiments also we determine the value of 
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X in different substances. We can measure the 
arcs described before and after impact, and thus 
calculate the velocities before and after. The 
formulsB above deduced will, if we know the 
masses, immediately determine the value of A. 

257. The above are all cases of direct impact, 
and it must be assumed that the bodies strike in 
a direction which passes through the centre of 
gravity of each. The investigation of the effects 
of oblique impact where the bodies move in dif- 
ferent directions, or when the centres of gravity 
are not in the line of motion, is much more com- 
plicated. 

258. In the case of the impact of a body on a 
hard plane, the effect is easily determined. If 
it impinge in a direction perpendicular to the 
plane, it will rebound with a velocity depending 
on the modulus or measure of elasticity. If it is 
perfectly elastic, it will rebound with an equal 
velocity; if half elastic, with half the velocity; and 
so on. 

259. But if it impinge obliquely, it will be 
reflected from the plane in a different direction : 
and if in fig. APB represent the plane, QP the 
direction in which the body moves, P beiug the 
point of impact, and if PN be drawn perpendi- 
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cular to the plane, the angle QFN U eaUed the 




M F 

angle ofincidencej then a line drawn on the other 
side of the perpendicular, as PR, may represent 
the direction of reflection, and the angle NPB 
the angle of rejlectian, and this angle will depend 
on the degree of elasticity, as expressed in the 
following articles. 



260. Pboposition. If a perfectly elastic body 
impinge on a hard plane, the angles of incidence 
and reflection are equal, and the velocities before 
and after impact are equal also. 

Let QP (figO represent the direction of motion 
before impact as before, this motion may be 
represented by a line PF taken in that direction 
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produced, and this may be considered as the 
resultant of two PB^ PM, one parallel to the 
surface, the other perpendicular to it. Now 
since the ball is perfectly elastic, the component 
PM will cause a rebound in the direction PN 
and equal to PM. If then we measure PN = PM, 
the ball after impact will be affected by the two 
motions PB and PN, and these two together will 
cause it to move in the diagonal of the parallelo- 
gram NPBR: and it is easy to prove that the 
direction of PB, the diagonal of this parallelogram, 
is such, that the 

i:.NPR = Z.QPN: 
and also its magnitude is such, that it equals PF, 
which represented the motion before. 

£61. Proposition. If an imperfectly elastic 
body impinge on a hard plane, the tangent of the 
angle of incidence : tangent of the angle ofreflsc^ 
tion : : the modultAS of elasticity : 1 ; and the ve^ 
locity before : veL after : : sine of the angle qf 
reflection : sine of the angle of incidence. 

This may be proved by a process very similar 
to that employed in the last, only as the elasticity 
is not perfect, the component PM will cause a re- 
bound not equal to it, but so that (fig.) PM : PN 
: : 1 : A. By measuring PN according to this 
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ratio and completing the parallelogram, PR re- 
presents the direction and motion after impact, 
and the proposition is easily proved by Trigono- 
metry. 
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Both these propositions are capable of asany 

'i^perimental illustrations. 
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CHAP. VIIL 

ON THE MOTION OF A SYSTEM. 

262. The determination of the motion of any 
system of bodies requires the aid of high ma- 
thematical calculations, but many of the conclu- 
sions are of extreme importance, and capable of 
experimental verification. 

One great principle, the conservation of the 
motion of the centre of gravity, was enunciated in 
the last chapter. 

263. From this principle it follows, that if an 
impulse be communicated to a body in a di- 
rection not passing through its centre of gravity, 
there will be a complex effect produced ; part of 
the impulse will produce a progressive motion of 
the centre of gravity, which will obey the first law 
of motion ; the other part will produce a rotation 
of the body about that point. 

These two motions of translation and rotation 
are, when thus produced by one and the same 
impulse, independent of each other ; the motion 
of translation may be destroyed, while the ro- 
tation will continue as before. 
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Slustrations of this are seen in the motion of 
a ball thrown from the hand, of a billiard ball, &c. 

264. But the grandest illustrations are seen in 
the motions of the sun and planets. One im- 
pulse imparted to all the bodies of our system 
their motions of rotations round their axes, and 
their motions in their orbits, and the same impulse 
which imparted the rotation, would in all cases 
have communicated a motion of translation, unless 
a force were applied to neutralize this part of the 
effect. This consideration gives another reason 
for assuming that our sun has a motion of trans- 
lation. The spots on its surface indicate its 
rotation, the impulse which caused it to rotate 
would, if not checked, have given also a pro- 
gression of its centre of gravity. 

265* In general, when several forces act on a 
body, or when the body be not symmetricsd> the 
rotation does not at once settle down into a 
steady and permanent, or stable, rotation as 
round a fixed axis, and it is interesting to watch 
the changes of rotatory motion which a body un- 
dergoes. At the very beginning of the motion, 
while only a small angle has been described by 
any part of the rotating body, there will be certain 
points all lying on the same straight line, which 
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will for a time have no motion, but will remain 
in their original position, while the centre of 
gravity about which the rotation really takes 
place moves a little way forward. This may be 
seen by the fig. in which AOB represents a 






B, 



A - ^ 



I 



B 



Straight line in any body passing through G its 
centre of gravity. Now if an impulse be given 
to the body as indicated by the direction of the 
arrow, the first result will be, that G will move 
forward, and the line will take a position as indi- 
cated by the dotted line A^OB^, so that the point 
has no motion whatever ; now this will also 
be the case with a number of points all lying in 
a line through O ; and if we suppose the impulse 
given entirely in the plane of the paper, and 
AOB to represent a section of a plane at right 
angles to the plane of the paper, all these points 
will lie in this plane, and will give what is called 
an axis of Spontaneous Rotation. 
This, which we have here shewn in a simple 
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case onlj, will be the same in more complicated 
cases. 

A simple yerification is obtained both of this 
and the foregoing principle, by giving a fillip 
to a pen or light strip of wood as it lies on a 
table. 

266. This axis of spontaneous rotation some- 
times Coincides with the axis of the centres of 
oscillation, art. 231, but its position depends on 
the forces acting. 

The position of this axis explains why it is 
easier to balance a long pole on one end than a 
short one. 

267. We have observed, that the rotation of a 
body does not always immediately settle down 
into a permanent condition. In consequence, 
however, of the opposite tendencies of the cen- 
trifugal forces of the different particles, this 
generally takes place speedily; and it can be 
proved, that in every system there are at least 
three axes around which, if the rotation is once 
adjusted, it will remain permanent^ unless some 
disturbance interferes. These three axes are at 
right angles to one another, and pass through 
the centre of gravity, and from the property 
enunciated they are called principal axes. 
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268. In every body or system of whatever form, 
there are at least three such axes, but there may 
be many more. 

Thus in a sphere, every diameter is a principal 
axis. 

In every symmetrical body, the axis of sym- 
metry is one principal' axis, aaid any pair of 
lines at right angles to one another in the plane 
which passes through the centre of gravity, 
and at right angles to the axis, are the other 
two. 

Hence in a spinning top, the axis of symmetry 
is a principal axis. 

In the hoop, one principal axis is an imaginary 
line through the centre of the circle, and at right 
angles to the plane. 

269. But these principal axes possess another 
remarkable property, which may be expressed 
by the introduction of the term moment of in- 
ertia. 

Definition. If a single particle rotate round 
a fixed axis by means of an imaginary arm^ the 
prodtust of the m^ass qf the particle^ and the square 
(^ its distance from the axis of rotation, is called 

the MOMENT OF INERTIA OF THE PARTICLE. 
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Thus if m =: the 
mass of a particle 
at F, (fig.) and re- 
volve by means of 
the arm GP round 
an axis through C 
at right angles to 
the plane of the 
paper, so that the 
particle describes 
the circle PQR, then, 
m X CP*= the moment of inertia of the particle. 

270. Definition. The moment of inertia qf a 
system is the sum of the moments of all the 
particles. 

The term moment of inertia is convenient 
principally to express the results of calculation. 
We may however conceive the importance of a 
term to express this product by supposing two 
particles w*^, m^ in equilibrium on a lever mj^Fm^^ 
(fig.) the arms of which are r^rg. The statical 



m. 



m 



2 



moments of m^ and ni^ ore m^r^ and m^r^ and in 
equilibrium m^r^ = m^r^. 
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But if now a rotatory motion be communicated, 
SO that the lever revoiyes in the plane of the 
paper, the velocities of m^ and m^ are respec- 
tively proportional (art. 95.) to r^ andr^: hence 
the dynamical moment being the product of 
the statical moment and the velocity, would be 
expressed by m^r^ and m^r^y or by the product 
of the masses and the squares of the distances 
from the axis of rotation. 

271. Of the three principal axes of rotation, 
where there are only three, one is an axis round 
which the moment of inertia of the system is 
the greatest possible; round another the moment 
is the least possible; and round the third it is of 
mean yalue : and further, if it rotate round either 
of the axes where the moment is a maximum or 
minimum, the rotation is stable, if round the other, 
it is unstable. 

272. In bodies where there are several sets of 
principal axes with one axis common, as in the 
symmetrical bodies, (art. 269.) this common 
axis is always one of maximum or minimum 
moment : and in general where the axis of sym- 
metry is the shortest diameter, the rotation round 
this is both permanent and stable. 

For example, the shortest diameter of an 
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oblate spheroid, being its shortest principal 
axis, is that about which, if any rotation be 
given, the spheroid will tend to rotate, and into 
a rotation about which it will ultimately settle. 
We haye a striking illustration of this in our 
system. The planets are all oblate spheroids, 
and it is about their least diameters that tiiej all 
rotate. 

Hence if any perturbation, whether from a 
comet or other cause* should interfere with the 
rotation of any planet, it will nevertheless ulti- 
mately return to its present rotation, if the form 
remain unaltered. 

This will also explain the rotation of a com- 
mon hoop, it rotates round a shortest diameter. 

273. If a body or system is made to revolve 
round ajixed axis which is not a principal axis, 
it undergoes a strain from the unequally balanced 
centrifugal forces. In order to estimate this effect 
and the circumstances of the motion, it is usual to 
determine the position of a point which is called 
the centre of Gyration. 

Definition. The centre of Gyration is that 
point in a system into which the whole mass must 
be supposed to be collected^ in order that the moment 
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of inertia may be the same as it is when the mass 
is distributed. 

The distance of this point from the axis is 
ealled the radius of Gyration. 

274. The determination of this centre facilitates 
the determination of the position of the centre of 
Percussion^ or that point in a system rotating round 
a fixed axis to which an impulse should be applied 
so as to produce no strain on the axis. 

The determination of this point is of import- 
ance in the construction of large tilt hammers, &c. 
Its position cannot be determined theoretically 
without the higher mathematics, but practically 
it may be found by suffering the body to vibrate 
as a pendulum, and observing the time of vibra- 
tion ; for in general it coincides with the centre of 
oscillation or rather as there may be several 
centres of oscillation, it is that particular centre 
of oscillation which is in the line through the 
centre of gravity and at right angles to the axis 
of rotation. 

In a straight stick rotated round one end, the 
centre of percussion is at a distance of f rds the 
length from that ^nd. (art. 230.) 
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CHAP. IX. 

RESISTING FORCES. 

275. We have before (art. 166.) alluded to certain 
impediments to motion which interfere with the 
fiiU effects of the forces we have been consider- 
ing ; these impediments are called by the name 
oi resisting forces J or simply resistances. 

These may be included under the definition 
of force, for they tend to cause a change of 
motion, but they are not forces in the sense in 
which we have used the term force hitherto. 
They are utterly incapable of imparting motion, 
or of increasing any existing motion. They 
can only destroy motion. Sometimes they 
are regarded as passive forces, while forces which 
impart motion are called active forces. 

276. Of these passive or resisting forces, the 

most important axe friction, and the resistance of 

fluid medittj such as air or water ; and these are 

continually impeding the motions of bodies at 

or near the surface of our earth. 

277. The effects of friction are a mechanical 
advantage when merely equilibrium is desired, 



RESISTING FORCES. 193 

bat a disadvantage when motion is produced. 
So that friction in the one case assists, in the 
other opposes. 

For example, in the single moveable pulley, 
described in art. 134, theory requires for 
equilibrium a power (P) equal to half the weight 
(W), and were there no friction, motion would 
ensue in the direction of P by a slight addition 
of power, or in the contrary by a small diminu- 
tion of P. 

But if the pulley is subjecl; to friction, as it 
always is, then the equilibrium will not be 
destroyed by any small loss of power, or any 
small increase in the weight; whereas, if it is 
required to communicate motion, it will be neces- 
sary to give a considerable increase to P, in order 
to overcome the friction. 

This may be expressed in all cases in the 
following manner. Let P represent the power 
to maintain equilibrium on the machine, and/ the 
addition which must be made to P to enable it 
to overcome the friction and put the weight in 
motion, then/ will also express the amount by 
which P must be diminished in order that W may 
overcome it and descend. Then any power less 

o 
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than P -|-/or greater than P — /will maintain 
rest. 

278. In some cases friction is necessary to 
render the machine efficient This is the case 
with the wedge, and when screws, nails, or pegs 
are employed to bind together parts of any 
structure. 

279. It may be observed also, that friction is 
an agent of great importance in the whole eco- 
nomy of nature and of art. Without friction all 
brick and stone buildings would soon be de- 
stroyed. We could not move, we could not hold 
any thing in our hands, without friction. 

280. Friction arises from the nature of the 
surfaces in contact, and the adhesion exerted 
between them : the surfaces are never perfectly 
smooth, and the projections of one surface sink 
into the depressions on the other. It manifests 
itself in two ways, in sUding and rolling. 

281. SUding friction is when the parts of one 
surface move parallel to the other, as in a sledge. 

282. Rolling Friction is when one surface turns 
upon another, so that fresh points of both 
surfaces are continually brought into contact with 
each other. 
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283. The laws which regulate friction are 
derived exclusively from experiment^ and there 
are two methods by which the effects of sliding 
friction are estimated. 

In the first method, the body is placed upon a 
horizontal table, a cord passes from the body 
parallel to the plane, and over a pulley at the 
edge of the table ; at the end of the cord a scale 
is hung, into which weights are placed until the 
body begins to move.. The ratio of the weight 
in' the scale to the weight of the body gives a 
fraction which is called the coefficient of friction, 

284. In the second method, the body is placed 
upon a plane which is gradually elevated until 
the body begins to slide or roll, and it is found 
that the coefficient of friction will he equal to the 
tangent of the angle of the planers inclination. 

285. The following summary presents the 
results of the most careful observations. 

I. That friction increases, 

a. As the pressure or weight is increased. 

/3. As the areas of the surfaces in contact 
are increased. 

y. As the roughness of the surfaces is in- 
creased. 

II. That friction may be diminished, 



196 DYNAMICS. 

a. By lessening the weight of the body in 

motion. 
/3. By reducing the roughness of the sur- 
faces, 
y. By lessening the amount of surfeu^es in 

contact. 
i. By converting a sliding into a rolling 

motion. 
ff. By lubricating the surfaces. 
286. Another impediment to motion, and one 
which has a considerable analogy to firiction, 
arises from the rigidity or imperfect flexibility of 
the ropes or cords employed. This exerts con- 
siderable influence, particularly in the working 
of pulleys. The degree in which this cause afiects 
the motion of machinery had been but partially 
ascertained, whilst many external circumstances, 
such as the dampness or dryness of ropes, the 
quality of their material, the mode in which 
they are prepared, &c. all which exert great 
influence, do not admit of being accurately esti- 
mated. That which is most important may be 
thus stated : 

The resistance which the stifiness of the rope 
ofiers is directly proportional to the weight that 
acts on it, and also to the thickness of the rope; 
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and further^ it is inversely proportional to the 
diameter of the wheel or axle about which the 
rope is coiled ; i. e. the greater the weights to 
be set in motion by means of the machine, and 
the stronger the ropes, the greater the resistance 
from the rigidity of the rope, but the greater the 
wheel, axle, or roller, the less will this impedi- 
ment be. 

287. The other resisting force, viz. that which 
arises from air or water, is of universal importance. 
Nearly every motion takes place in one or other 
of these fluids, and a moving body must thrust 
before it or move aside out of its path those par- 
ticles which it meets. From this source there 
arises a perpetual loss of motive power. 

288. The resistance of fluids more properly 
comes within the province of Hydrostatics, and 
the subject will be more fully discussed when we 
treat of fluids in Part II. At present it may 
suffice to state, that the resistance of fluids depends, 

a. On the density of the medium. Thus water 
is about 800 times denser than air, therefore the 
resistance of water is 800 times that of air, all 
other circumstances being the same. 

j3. On the form and magnitude of the body, 
more especially on it8 frontage. 



198 DYNAMICS. 

y. On the Telocity of the moving body, since 
the resistance increases as the square of the ve- 
locity. This however is only true within certain 
limits of the velocity. With very high velocities 
the law is different. 

The investigation of these laws will be given 
when we enter upon the properties and action of 
fluids. 
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CHAP. I. 

PBOPERTIES OF LIQUID OR FLUID BODIES. 

289. The liquid state has already (art. 20.) 
been defined to be that in which the force of 
cohesion existing between the molecules of a 
body is counterbalanced by the force of repulsion. 
The particles are consequently separated by the 
application pf the smallest force. When placed 
in juxtaposition, they lie one upon the other, or 
side by side as may be, each affected only by its 
own gravity. 

The molecules of an aeriform body, on the 
other hand, have a strong force of repulsion, which 
causes them to fly oiFfrom one another unless 
they are confined by some force, which may be 
the resistance of a confining solid vessel, or the 
pressure of a fluid, or even the pressure of 
another aeriform body. 
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But further, the molecules of a liquid are not 
like the grains of sand, or finely pulyerized 
solid. They possess a property of mobility, by 
which they can move amongst each other without 
any friction or impediment. This is a remarkable 
and distinguishing property. It is possessed by 
aeriform bodies in a still higher degree. 

290. The properties of liquids and the appli-^ 
cations in machines, &c. are best studied by 
preserving the same distinction between rest 
and motion, which was observed in Mechanics. 
We have thus the two parts of Hydrostatics and 
Hydrodynamics as in solid bodies ; the one 
treating of liquids in a state of rest or equilibrium, 
while the other comprehends the phaenomena of 
liquids in motion. This last part is sometimes 
called Hydraulics, though this name more properly 
belongs to the application of liquids to machinery, 
and to the motion through tubes or pipes. 

291. There are many substances which are in 
a semifluid state, which possess the property of 
mobility in a very imperfect degree; such as all 
viscous fluids, treacle, oil, &c. Of these it is 
unnecessary to take further notice, than merely 
to exclude them from our present consideration. 
Their properties are of no mechanical value, ex- 
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€ept that some are employed as lubricators to 
diminish the friction of solids. 

292. There are certain terms which are of 
frequent use in explaining and applying the pro- 
perties of liquid bodies, which it will be desirable 
to define distinctly before we proceed. The terms 
are employed in solid bodies also> and the three 
firstyit will be observed, have already been noticed, 
(arts. 15, 35, 27.) They are given again, in order 
to connect them one with another, and with the 
latter term. 

293. Volume is employed to denote the bulk 
or magnitude of any substance. It is usually 
expressed in numbers by cubic inche«^. The term 
solid content is used by old writers to express 
the same idea, but improperly. 

294. Density expresses the number of mole* 
cules in a given volume or bulk. This seems to 
assume that all molecules are o^ the same mag- 
nitude, but the term is employed to describe the 
quantity of matter in the volume, or the closeness 
with which the particles are packed. It must not 
be confounded with hardness, (art. 35.) 

395. Weight (as stated art. 27.) is another term 
for the effect of gravitation, or tendency towards 
the earth. In a given place (art. 188.) it is 
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proportional to the quantity of matter in a giyexi 
Yolume, and therefore to the density. In general^ 
the three terms are connected by the equation 

W = D V, 
where W = the weight of the body, 
D = the density, 
V = the volume. 
This equation assumes a given volume of 
some known substance, as the unit of density, 
and to this all other substances are referred. 
Hence density is altogether a relative term; 
there is no absolute standard of density. 

296, Water is the ordinary standard of refer* 
ence. This is convenient, not only because 
water is a liquid with which every one is 
familiar, but because it happens that one cubic 
foot of water at the temperature of 60'' weighs 
quam proxime 1000 oz. avoirdupois*. Assuming 
this as our unit, the above equation is readily 
deduced. 

297. Specific Gravity is a term employed to 
express the relation between the weights of 

• A cubic foot of pure distilled water, when the barometer 
stands at 29.74 inches and the thermometer at 66<>, appears by 
the most accurate experiments to weigh 099.8066 oz. avoir- 
dupois. See Encyclop. Metrop. Mechanics, art. 113, note. 
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giTen volumes of different substances. It is 
therefore always proportional to the density, 
And, if we assume the same standard as that 
stated above, it is precisely equal to the density. 
And hence, if 

S=the specific gravity of any substance, 
we have W = SV, 
the same equation as above, with the change of 
D into S. 

298. In order to compare the weights of the 
volumes of different substances, tables of specific 
gravities are carefully made. In most of these, 
water is the standard, for the reasons mentioned. 
But for bodies in the aeriform state, a comparison 
is made with air, which is then taken as the unit. 
A cubic foot of air at the temperature of melting 
ice and under a pressure of thirty inches of 
mercury weighs 1.22 oz. 

The methods of determining Specific Gravities 
will be given in Chapter V. 



CHAP. II. 

THE PRESSURE OF LIQUIDS. 

299. The freedom with which the molecules 
of liquids move amongst each other, gives rise to 
a remarkable distinction between liquids and 
solids with regard to the transmission of pressure. 
A solid transmits pressure in a direction depend- 
ing on that of the force which acts upon it; 
whereas in a liquid the pressure is transmitted 
as stated in the following Proposition, which may 
be regarded as exhibiting the fundamental and 
mechanical distinction between the two forms of 
matter. 

300. Proposition. Liquids transmit pressure 
equally in all directions. 

This is, as implied above, an immediate and 
necessary consequence of the perfect mobility of 
the particles. It may be explained and illus- 
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trated by aid of fig. Let ABODE represent a 
closed vessel of any form, and furnished with a 



number of equal pistons applied at equal orifices, 
any where in the sides or top or bottotn, and let 
0,M,N,P,Q, represent these pistons fitting in the 
orifices. Suppose the vesael^fiUed with any liquid, 
which we will assume to be divested of weight or 
not influenoed by the force of gravity. Now if 
any pressure be applied to any one of the pistons 
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as O, it will be found that each one of the other 
pistons is immediately acted on by a pressure 
equal to that which is applied at O : and that it 
will require a force equal to that at O, to be 
applied to each one to keep them in their posi- 
tions. That is, if lOlbs. be placed upon O, it 
will require lOlbs. applied at M, lOlbs. at N, 
lOlbs. at P, and lOlbs. at Q, to maintain equili- 
brium. 

301. From this there follows immediately 
another very important 

Proposition. In a vessel filled with a liquid, 
if a pressure be applied to any part, the pressure 
on any area of the containing vessel, is proportional 
to the area. 

This may be derived from the last Proposi- 
tion ; for it is easy to conceive any two or more 
of the pistons brought close together, and then 
the pressure on two will be double that upon 
one, and so on. 

The next figure will illustrate this. Let 
ABODE as before represent a closed vessel 
filled with liquid, but furnished with unequal 
orifices fitted with pistons ; then if a pressure be 
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applied to any one of these pistons, it will bfl 



found that pressures are exerted on the others 
whieh are proportional to the areas. Or 



302. This Proposition supplies the principle of 
the Hydrostatic Press of Bramab. The main part 
of this most powerful engine may be explained by 
means of the next figure, in which A B G D repre- 
sents a strong metallic cylinder, furnished with a 
piston P fitting it exactly. This cylinder is 
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connected with a nmch smaller one abed, which 



is also furnished with a piston p. The loneT 
end of the smaller cylinder is open, and is 
plunged into a vessel of water ; just above the 
surface of the water is a valve as at v, opening 
upwards. The two cylinders are connected by a 
pipe ef, and where this pipe enters the large 
cylinder, another valve is placed as at V also 
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opening upwards. The piston p is elevated and 
depressed bj means of a lever or pump handle, 
as shewn at FGH, and thus water is forced 
into the large cylinder through the valve Y^. 
Suppose now this apparatus to be filled with 
water, as represented by the shading, and the 
piston /} to be forced down by means of the lever. 
The water cannot return into the vessel at the 
bottom, because the valve v will immediately 
close, and consequently the pressure will be 
immediately transmitted through the pipe ef^ 
and a pressure will be exerted on the piston P : 
and by the last Proposition, 

Pressure on p : Pressure on P : : area ofp : area of P. 

ojipo r\T P 

.*. Pressure on P = — '■ jj— X Pressure on p, 

area otp 

Since the area of P may bear a very large ratio to 
the area of /?, we have here a machine of very 
great efficacy. 

Thus if the diameter of P = 12 inches 
and the diameter oip = ], 

^ The way in which the apparatus is filled or water forced 
into the large cylinder, will he understood when the action of 
the common suction and force pumps is explained : see Book 
VI- 
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we have 

Pressure on P = — X pressure on p, 

= 144 X pressure on p, 

since areas are as tbe squares of the diameters. 

The pressure on p is in the machine very con- 
siderable, because any force that can be exerted 
is multiplied by the lever. Hence if only a force 
of 561bs. be applied at the end of the lever at H, 
this may be increased tenfold by the lever, and 

then, 

Pressure on p = 5 cwt* 

In this case 

Pressure on P z= 36 tons. 
If the diameter o{p == ^ inch, 

Pressure on P = 1 44 tons. 
And nearly all this power is exerted ; for there 
is very little loss from friction ; the only friction 
is that arising from the pistons, which is small in 
comparison with other frictions. 

There will be a slight loss from the com- 
pressibility of water, but (as observed in art. 30.) 
water is only compressible to a small extent, 
even under the action of very great forces. 

We may remark here, that the golden rule 
(art. 100.) applies to this as to all machines. 
'^He motion of P is very slow. 



CHAP. III. 

THE PRESSURE OF LIQUIDS ARISING FROM THEIR 

WEIGHT, 

303. In the last Chapter we have neglected 
the effects of that universal principle of attraction 
which is called (art. 27.) Gravitation, and we have 
supposed the vessels closed, and filled with 
liquid. But the particles of a liquid like the 
particles of every other substance are acted on 
bjr gravity, and have a tendency towards the 
earth. Hence they will descend and flow away 
to the lowest position unless confined. From 
this cause any liquid in a vessel fills completely 
the lower parts of the vessel, ^d adapts itself to 
the shape of the vessel; and if it is free to adjust 
itself, the upper surface when at rest will be 
found to be as expressed in the following 

304. Proposition. The upper surface of a 
liquid at rest presents a horizontal plane. 
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This Proposition is almost 
self-evident : it may be however 
established simply. Thus in 
fig. let ABCD represent the 
section of a vessel containing a 
liquid, and if the upper surface 
be not horizontal, suppose it to be 
as represented. Then any par- 
ticle as P is on an inclined plane, 
and it will descend: and there- 
fore the surface will not be at 
rest. 

305. This Proposition only applies when the 
surface is of limited extent, as when the liquid 
is contained in a vessel, or in a small pond or 
lake. But in the case of a surface of large 
extent, as in the sea, we can no longer conceive 
the direction of the force of gravity as acting in 
parallel lines, (art. 185.) The force would tend to 
the centre of the earth, if the earth were perfectly 
spherical. In facft, as the earth is spheroidal, 
and only slightly flattened at the poles, the lines 
of force converge to points not very far distanf 
from the centre of the spheroid. 

In this case, and in every conceivable case, 
the form of the free surface of a liquid is subject 
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to an invariable law which is enunciated as 
follows : 

306. Proposition. 7/ a liquid be subject to 
the action of any forces^ the form of the free 
surface is such^ that it is at every point perpen- 
dicular to the resultant qf the forces which act at 
thai point. 

This law is readily established by theory, and 
is a consequence of the perfect mobility of the 
molecules of a liquid. Ilpis obviously verified in 
the case of the surface of water in a vessel or 
small lake ; and it is also verified in the form of 
the surface of the water of the ocean. The level 
of the sea, the phenomena of the tides, are con- 
sequences of this general law. 

307. But the liquid when at rest in any vessel, 
whether large or small, exerts a pressure upon 
every part of the vessel which confines it. If 
a solid substance be placed in a vessel, there 
is no pressure upon any part except that which 
prevents its motion in the direction of gravity 
and that is the base or bottom, when the base is 
parallel to the horizon ; but if the solid be con- 
verted into a liquid, the sides will undergo 
a pressure as well as the base. This is evident 
from the fact, that the liquid will escape through 
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any orifice in the sides, or will force a way 
through any part not strong enough to resist the 
pressure. The pressure may be estimated as 
follows : 

808. Proposition. The pressure on, the base of 
a cylinder or prismatic vessel with its base horizon- 
tal is equal to the weight of the ^ A 
liquid it contains. 

For let ABCD (fig.) repre- 
sent a section of such a vessel 
containing liquid. The sides 
being vertical cannot resist a 
force which is perpendicular to 
the horizon, and therefore the 
whole effect of gravity is sus- 
tained by the base. 




B c 

Hence the pressure on the base 

= the weight 

= the volume X specific gravity 

= area of base X depth X speclgr. 

309. Proposition. The pressure an any part of 
the sides qf a cylindric or prismatic vessel with its 
sides vertical is proportional to the depth below 
the surface of the liquid it contains. 
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For let ABCD, (fig.) as ^ 
before, represent a section 
of such a vessel, then if FQ 
represent anj section parallel 
to the base, the pressure upon 
it is detennined as above, for y 
it may be regarded as the ^ 

base to the superincumbent 
liquid. Hence also the pres- 
sure upon any small element 
of it, as, for instance, upon 
mn, is determined ; for. 

The pressure on m n = area X depth X sp. gr. 
and is therefore proportional to the depth. 

Now if we take any small element in the side, 
as Pp equal to mn, the pressure on this must, 
by the property of the transmission of pressure, 
equal the pressure on the adjacent small element 
at P, and therefore the pressure on this element 
is proportional to the depth below the surface of 
the liquid. 

The reasoning may be extended to every form 
of vessel, since we may determine in like manner 
the pressure upon an adjacent element parallel 
to the horizon. 

310. Proposition. The pretmre upon the sarf ace 
of a vessel of any form, or vpon any part of the 
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tmface, it equal to Hu weight of a cylinder of the 
liquid, whote bate it equal to the turface, and alli- 
tude it the depth of the centre of gramly of that 
turface. 

This Proposition cannot be proTed nithoat 
the mathemstical formulfle for finding the poiitioti 
of the centre of graritj. It may be establislied 
bf conceiving the soiree divided into a number 
of small elements, and by taking the sum of the 
pressures exerted upon them. 

The Proposition ma; be stated more clearl; 
by referring u> the adjoining fig. where ABC 
represents the 
section of a 
vessel of an ir- * 
regular shape 
containing li- 
quid. Then if 
the line AHC 
represent the 

upper snrface ^ 

of the liquid, and G the centre of gravity of 
the surface of the vessel ABC, and also if HO 
bt! the depth of G, then 

The pressure on ABC 

= area of ABC X H G X spec. gr. 

= weight of the cylinder described in Prop. 
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This is of great importance, and may be illus* 
trated and confirmed bj many experiments. 

311. From this the following conclusions may 
be derived. 

«. The pressure on the sides of a cylindric or 
prismatic vessel filled with fluid is proportional 
to the area of the sides multiplied by half the 
depth of the fluid: for this half depth is the 
depth of the centre of gravity. 

jS. The pressure against the side of a cubical 
vessel filled with fluid equals half the pressure 
on the base : for the areas pressed are equal ; 
and the depth of the centre of gravity of the side 
is half the depth of the centre of gravity of the 
base. Hence the pressure on the side is equal 
to half the weight of the fluid ; and on the four 
sides it is equal to twice the weight of the fluid. 

y. The pressure on the 
base of a cone is equal to 
the pressure on the base 
of a cylinder of the same 
base and altitude : for it 
is plain from fig. that the 
depth of the centre of 
gravity is the same in 
both cases. 

&. Hence also the pres- 
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sure from any liquid may far exceed the weight of 
the liquid. In the case of the cone for example, 
just mentioned, the pressure on the base is equal 
to three times the weight of the liquid it contains. 

In tall vessels the lateral pressure far exceeds 
the weight of the liquid. 

c. This Proposition also explains that which 
is called the HydrostcUic Paradox^ or the experi- 
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ment exhibited by the Hydrostatic Bellows. 
These are seen in fig, where A B, C D are two flat 
circular boards, connected by a cylinder of lea- 
ther, and so as to be water tight. 

HTA is a thin pipe entering into the space 
between the boards with the part HT vertical. 
The Paradox is this, that a small quantity of 
water poured into the thin tube, as represented 
by the shading, is able to counterbalance the 
effect of very large weights W, W." .... placed 
on the board C D ; and the addition of a little 
more water will lift the weights, though through 
a small space. 

The Proposition explains the paradox ; for 
the pressure on CD is proportional to its area, 
multiplied by the depth of its centre of gravity 
below the surface of the liquid, that is, in this 
case, by its depth ED. So that the pressure on 
CD is equal to the weight of a cylinder of water 
whose base is CD and altitude ED. Hence 

the weights W, W are together equal to 

the weight of such a mass of the fluid. This 
same conclusion may be derived from the con- 
sideration, that if the weights were removed and 
all pressure from the board taken away, the 
liquid would stand at the same height in the 
tube and in the bellows; so that if water was 
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poured in Bofficient to bring it to the height H, 
the board CD ought to rise to EF. See art. S15. 

312. The pressure on embankmentB, flood- 
gates, Slc. is determined by the principles laid 
dowu in the preceding Proposition. 

313. In such cases It is often important 
to ascertain to what point a force ought to be 
applied, so as to act with the greatest advantage 
in resisting the effect of liquids : or, in other 
words, to find a point which is called the entire of 
pretsure, whiob may be thus defined. 

Definition. The centre qf pressure ig thatpoint 
in any area pressed by a liquid to which a force 
thmild be applied so as to equilibrate the preit^e 
which the several parts of the area undergo. 

This point is in most cases coincident with 
the centre of percussioii mentioned in art. 374; 
but then the section of the surface made by the 
level of the liquid is the axis of suspension. 

314. Its position cannot be determined with- 
out mathematical ^^ > 
fommlEB. The 

simplest case is 

that in which a 

plane rectangular 

area is pressed by i 

1, liquid. Thus, I 



PEES8DSB OF LIQUIDS PROM THEIR WEIGHT. 228 

let A B (fig.) represeot the eectioii of a side of 
a vesael ABOD filled with liquid, then the 
oentre of pressure of such on area is at ; if 
AO ^$AB, and a force applied at in a 
direction at right angles to AB would keep the 
side io its place. In this case is also the 
centre of percussion, art. 274. 

315. Another oonsequence im mediately fol- 
lowing from the property of the traDsmission of 
pressure is expressed in the following 

Pbofositiott. Liquids always seek their own 
level. 

This is estahlished also by the consideration, 
that the pressure is proportional to the depth, 
and it is confirmed by common experiments, 
such as that exhibited in fig. where if vessels of 



different forms communicate, any liquid poured 
into one rises to the same height in each. 
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316. Proposition. If two different liquids 
communicate in a bent tube^ their altitudes abene 
the plane where they meet will be inversely pro- 
portional to their specific gravities. 

Let ABC (fig.) repre- 
sent such a tube, and 

MM, the plane where 

the two liquids meet, 

then the pressures on 

this section arising from 

the two must be equal 

and opposite ; and as 

the area pressed is the 

same, we have the depth 

multiplied by the specific h 

gravity equal in each 

case, (art. 308.) ^ 

If therefore the liquids 

stand as in fig. at heights 

indicated by HM and 

hm respectively above the plane where thej 

meet, and if 

S = the specific gravity of the heavier, 

s F= lighter, 

.-. S X hm = s X HM. 
.-. S: s:: HM : hm. 




CHAP. IV. 
Bqoilibsium of solid and liquid bodies. 

317. The action of liquids on solid bodies 
either wholly or partly immersed is a subject of 
much importance. The great principle of equal 
transmission of pressure here also supplies an 
explanation. 

Proposition. A hody wholly wimersed in ajluid 
loses a weight equal to the weight of the Jhiid it 
displaces. 

Let abed (fig.) represent the section of a body 
wholly immersed in a 

a fluid. The volume 
of the fluid displaced 
must be precisely 
equal to the volume of 
the body ; and since 
the upward pressure 
of the fluid was be- 
fore the immersion of 
the body sufficient 
to support that mass of fluid, it will support an 
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equal weight now, and neither more nor less : and 
consequently it will take ofif from the weight of 
the body a weight equal to the fluid displaced. 

Or we may argue thus : The upward pressure 
on the lower surface dc is equal to the weight of 
a cylinder of the fluid whose base is dc and altitude 
cA| if cA is the depth below the upper surface of 
the fluid. Again, the downward pressure is equal 
to the weight of a cylinder whose base is a 6 and alti- 
tude b h. The difference of these is the weight of a 
cylinder of base d c and altitude c6, or the weight 
of the volume of displaced fluid. 

For simplicity, we have drawn the section of 
the body rectangular, but the demonstration is 
easily extended to irregular sections. 

318. Proposition. The centre of gravity of a 
body at rest when immersed in a fluid mtist be in the 
same vertical as the centre of gravity of the displaced 
liquid was before it was displaced. 

This condition follows from purely mechanical 
considerations. If the centre of gravity of the 
body, and the point before occupied by the 
centre of gravity of the displaced fluid, are not 
in the same straight line, the two forces cannot 
neutralize each other. If, for instance, G in 
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fig. represent the po- 

sidon of die centre of 

gravity of the body, 

and g represent the 

position which the 

centre of gravity of 

the displaced fluid 

occupied, we have 

in fact a couple of 

forces, namely, the 

weight of the body acting vertically down, the 

force or pressure fluid acting vertically up : and 

hence (art. 64.) rotation will ensue, and the body 

will turn over until G and g are in the same 

vertical. 

819. There nillbe adifferentkindof equilibrium 
according to the relative positions of G and g. 
If G be below g, the equilibrium will be stable, if 
it coincide with g, neutral, if it be above g, it will 
be unstable. Compare art. 64. 

330. The conditions of equilibrium oi JtoiUmg 
bodies are the same as the conditions expressed 
in the two last Propositions, and they may be 
thus stated. 

Pboposition. If a bodgjtoui on a fluid, it dit- 



228 HTDR0STATIC9. 

places a volume of the fluid, whose iceight is 
exactly equal to the weight of thejloating body. 

This is almost self-evident: but it may be 
thus Bhewn. 

Let the volumeof the whole body be represented 
by V 4" Vi (fig.) where 
V is the volume of the 
part of the body im- 
mersed. Then V+Vi 
is supported by 
the pressure of the 
fluid upwards against 
the immersed part, 
and the same pres- 
sure before supported 

a weight of fluid equal in bulk to V^ ; and as the 
same force must in equilibrium support the 
same weight, the weight of the whole floatiog 
body must in equilibrium be equal to the weight 
of a volume of fluid equal to V,. 

321. Proposition. The centre of gravity of a 
floating body must in equilibrium be in the same 
vertical as the centre of gravity of the displaced 
fluid was before the body displaced it. 

This is seen by the considerations of art. 318. 
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322. But the conditions of stability are not so 
easily deduced as in bodies wholly immersed, 
although, ceteris paribus^ the lower the centre of 
gravity of the floating body is, the greater the 
stability, (art. 86.) 

In order to 
determine whe- 
ther the equi- 
librium of a 
floating body 
is stable or not, 
suppose ABC 
(fig.) to 'repre- 
sent a section 
of the body in 
its position of 
rest where EF C 

is the water level, or the depth to which it 
sinks, or, as it is more technically called, the 
plane of floatation. Let G represent the position 
of the centre of gravity of the body in the 
axis CO, and g that of the centre of gravity of 
the displaced fluid. Now, let the next figure 
represent a section of the same body slightly 
moved from the position of rest, so that the axis 
is inclined. The centre of gravity of the body 
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will still be at G in the axis, bat the centre of 
A 




gravity of the fluid now displaced will be out of 
the axis as at g. Let a vertical line be drawn 
through g cutting the axis as at M. Then the 
sustaining force of the fluid is exerted in the 
direction of this vertical, i. e. in M^, and this 
line is called the line of supporty and the point 
M where this line cuts the axis is called the 
Metacentre, and 

323. Proposition. The equilibrium will be 
stable if this Meiacenire is above Gy it will be 
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neutral if it is at Q, it will be unstable if it is 
below. 

This will be evident by inspection of the last 
fig. and fig. below. In the former case we 

A 




have the two forces, that of the weight or gi'avity 
of the floating body, and the sustaining force of 
the fluid, both tending as a couple^ (art. 64.) to 
cause the body to return to its position of rest, 
in the figure above they tend to cause it to 
move farther. 

The stability will be greater, the farther M is 
above G, and vice vers&. 
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324. It may be here i*emarked^ that the position 
of M is .independent of the form of the part 
immersed; it depends on the /orm and dimensions 
of the plane of floatation and the volume of the 
part immersed. 

This cannot be established without mathe- 
matical reasoning. 

325. The same principles explain the ascent 
of bodies in fluids, whether they be liquid or 
aeriform. 

Proposition. A body will ascend in a fiuid if 
its weight be less than the weight of an equal 
volume of the fluid in which it is. 

The upward pressure will in this case exceed 
the downward, and the body must ascend. 

The Proposition is equivalent to saying, that a 
body will ascend in a fluid if its specific gravity 
be less than that of the fluid in which it is 
immersed. 



CHAP. V. 

ON FINDING THE SPECIFIC GRAVITIES OF 

SUBSTANCES. 

326. The Propositions of the last Chapter 
furnish means for determining the specific gra- 
vities of bodies. 

The methods adopted depend on the nature of 
the body. The principal methods are as follow : 

Problem. To determine the specific gravity of a 
solid which is heavier than water. 

First, weigh the solid accurately, and then 
weigh it again in water. The difference between 
the two weights is the weight of an equal volume 
of water, (art. 317>) Divide the weight of the 
body by this weight, and we obtain the ratio of 
the specific gravity of the body to that of the 
water. 

This nile may be easily proved by means of 
the formula of art. 297. viz. W = VS. 

D 
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Let W >* the real weight of the body as obtained by fitst 
▼eighingy 
S >- its speciflo gravity, 

w -i the weight of an equal Tolmne of water, or the differ- 
ence between the weight (W) and its weight in 
water, 
2 » the specific grayitY of water : 

. w 

• ■ — ■■ the volmna of the body, 

w 

— ^ th^ Tolnme of the displaoed ftiid. 

.'. Equating these 

If the specific gravity of water be taken as unity, 
the quotient above will give tbe specific gravity 
of tbe substance for this unit; if the specific 
gravity of water be taben as 1000, the quotient 
must be multiplied by 1000« 

827. The above method neglects the weight of 
the air. The first weighing does not aceurately 
give the real weight of the body, but the error is 
very small. Where very great accuracy is re- 
quired, the body must be weighed in anoth^ 
liquid of known specific gravity, and the weights 
lost at each weighing determined^ 

328. If the solid is soluble in water, it must be 
weighed in a liquid in which it is insoluble, or it 
must be coated with a varnish which will resist the 
action of the water; or it must be inclosed in a 



SPECIFIC GRAVlTtES OF SUBSTANCES. 235 

vessel the actual weight and specific gravity of 
which are known, 

329. Problem. To determine the specific gravity 
of a solid lighter than water. 

Weigh the solid accurately as before, then 
connect it with another body also accurately 
weired which is heavy enough to cause thetn 
both to sink. Observe the weight lost when 
they are immersed in the waten This is the 
Weight of a volume of water equal to the sum of 
the volumes of the two. Next weigh the heavier 
body in water> and observe its loss> If this loss 
be subtracted from the loss of the two when 
combined, the remainder will be the weight of a 
volume of water equal to the volume of the lighter 
body. We may then proceed as before ; divide 
the weight of the body by this weight, and the 
ratio of the specific gravity is found, 

330. Sometimes we may ascertain the specific 
gravity of a lighter body, by finding the magnitude 
of the part immersed. The magnitude or volume 
may be ascertained by plunging it in a vessel of 
water, and estimating the rise of the water in the 
vessel ; or if the vessel be full before, by measuring 
the quantity displaced* Then 

V • 
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Or diTide the weight hj the volume, and the 
specific grayitT is ohtained. 

331. Problem. To determine the specific gravity 
of liquids. 

This may he done hj weighing the same bodj 
first in water, and secondly in the liquid, the 
specific gravity of which is required, and by 
observing the loss of weight in each case. Divide 
the loss in the liquid by the loss in water, and 
the quotient is the ratio of the specific gravity of 
the liquid. 

This is easily proved by formulae, the same as 
in art. 326. 

332. Or, take a solid specifically lighter than 

water, and the fluid under examination ; observe 

the magnitudes of the immersed parts, when it is 

floated upon them both. These magnitudes are 

the volumes of the water and of the liquid, which 

are equal in weight to the weight of the solid. 

Hence if we divide the volume when the body 

floats in water by the volume when it floats in 

the liquid, the quotient is the ratio of the specific 

gravity. 

This is easily proved by the formula referred to 
before; for 
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If y = Yoliime immersed when floated on the liquid, 

Vi=: water, 

S = the specific gravity of the liquid 
3 = . • . • . water 
/. The weight of an equal vol. of the liquid = V S 
do. do. water =: Vi2 

And l^ese are hoth equal to the weight of the solid. 

Vi2 
.-. Equating VS = Vi :8 /. S = 



S 

333. A third method is to float a body in the 
liquid, and to load it with known weights until 
a certain known volume is immersed. This 
furnishes a ready method of comparison. 

For, if W = the weight of the hody 
V = the volume immersed 
w = the weight to he added to sink it to the depth in 

water 
2 = the specific gravity of water 
wi ^ the weight to he added to sink it to the depth in 

another fluid 
S ^ the specific gravity of the fluid 
..•.W4'W^V5 = the weight of displaced water 
W + wi = VS = . . . . fluid. 
... W -f w : W + wi : : 5 : S. 

Whence S is found if w and wi are observed. 
334. These methods supply the principles of 
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the different instruments employed for determin- 
ing the specific gravity of liquids. These instru- 
ments are called Hydrometers, and 
the annexed fig. will exhibit that in 
common use. A graduated stem 
is attached to a hollow metallic 
bulb, and a weight is fastened to 
the bottom that it may float in the 
vertical position. If the fluid be 
of great specific gravity, so that the 
instrument will not sink sufficiently 
deep, small weights may be added 
either to the top or bottom. When 
the instrument is employed, tables 
are constructed which at once give 
the specific gravity corresponding 
to each depth of immersion. 

335. Solids are weighed in fluids 
by a delicate balance, which, when 
thus employed, is called a Hydrostatic balance. 
It does not differ in principle firom the balance 
described in art. 115. except that the scale 
pans are generally furnished with small hooks 
underneath, for the purpose of attaching threads, 
by which the body to be weighed in the liquid 
is suspended. 
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336. In all accurate determinations of specific 
gravity, it is necessary to attend to the tempe- 
rature of the substaneeSy and also of the air in 
which they are weighed. The expansion of 
bodies by heat (art. 31.) occasions a diminu- 
tion of weight in a given volume. 



BOOK V. 



HYDRODYNAMICS. 



CHAP. I. 

ON THE MOTION OF FLUIDS. 

337* The theory of liquids in motion presents 
us with that branch of the science which is 
usually called Hydrodynamics, or sometimes 
Hydraulics. The latter name more properly 
applies to the motion of liquids through pipes or 
channels, but it is now generally applied to the 
theory of machines which are moved by water, 
and sometimes it includes machines which are 
employed for raising water. 

338. The subject of the motion of fluids is of 
great importance, but it is difficult to determine 
all the circumstances which influence or interfere 
with their motion. A force which affects a single 
particle is immediately transmitted in all di- 
rections throughout the entire mass. There are 
however some conclusions of theory which are 
both interesting and important. 



242 HYDRODYNAMICS. 

839. The discharge of fluids through orifices 
has been studied widi great care, and two 
theories have been devised to explain the phsB- 
nomena; one, the theory of the paraUelUm of 
the strata; the other, of the permanence of fltdd 
threads. 

The first hypothesis assumes, that when a 
vessel is emptied by an orifice at the bottom, 
each stratum of the liquid maintains a position 
parallel to itself as it descends, so that the 
particles of any one stratum keep always in the 
same descending stratam until it anriveB very 
near the orifice. 

The other supposes that each particle moves 
in a course of its own, describing a reg^ar curve 
with a determinable velocity. 

The force acting on the fluid in the discharge 
through orifices is that of gravity, and whidi- 
ever hypothesis be adopted, a conclusion is 
deduced which is confirmed by experiment, and 
is thus expressed : 

840. Proposition. When a Jltrid dieehargee 
through an orifice at the bottom of a vessel^ the 
velocity of each particle at the orifice ie equal to 
that which would be acquired by a heavy body in 
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Jailing dow9i a space equal to the height of the 
fluid above the orifice. 

This Proposition is sometimes called the 
theorem of Torricelli ; and from it the following 
Corollaries are derived. 

341. Cor. I. The velocity of efflux depends o» 
the depth of the orifice, and not on the specific 
gravity of the liquid. 

The velocity of efflux from a vessel of mercury, 
is the same as that from a vessel of water. This 
may be compared with the statement in art. 188, 
and may be deduced from it. 

342. Cor. 2. The velocity varies as the square 
root of the depth, (art. 181.) 

343. The theorem of Torricelli requires how- 
ever a modification. It was shewn by Newton, 
that the issuing fluid does not preserve the exact 
form and dimensions of the orifice. If, *for 
instance, the orifice be circular, and be made in 
a thin plate, the issuing liquid does not proceed 
in a cylindrical column, but on leaving the ori- 
fice it contracts its dimensions, so that at a dis- 
tance rather less than the radius of the orifice, 
the section of the issuing fluid is about f ths of the 
area of the orifice. Afjter passing this narrowest 
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section, the fluid again expands, so that the 
section is greater than that of the orifice. 

Similar phenomena are observed when the 
aperture is not circular, and with large apertures 
phaenomena of a more complicated nature take 
place. 

The narrowest section of the issuing fluid is 
called the vena contracta, and it appears by ex- 
periment, that the velocity at the vena contracta 
is that due to the altitude, and hence the theorem 
of Torricelli must be corrected and applied to 
the vena contracta, instead of the orifice ; or we 
may take the section of the vena contracta as 
the efiective orifice. 

The cause of the vena contracta is most easily 
understood, by adopting the second of the two 
hypotheses in art. 339. The threads as they 
approach the orifice converge, and at about three 
radii above the orifice, take a curved path convex to 
the axis of the vessel, so as to form a conoid or 
funnel called the gorge. They preserve this 
course after they have escaped through the ori- 
fice, and so converge still more. A small quantity 
of the liquid, which surrounds the gorge and 
occupies the lower parts of the vessel, remains 
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Stationary until all the rest has passed, when it 
flows out last irregularly. The fig. will illustrate 
this. 

Other onrious phenomena 
have been observed by Sa- 
vart, when the orifice is of 
small dimensions, but these 
are of no practical import- 
ance. 

344. If the fluid is dis- 
charged through a small 
pipe or tube, instead of 
through an orifice in a thin 
plate, the vena contracta is 
not formed. Tn such cases 
the velocity at the orifice 
is that due to the altitude, 
and the quantity of the fluid 
discharged in a given time is increased. If the 
pipe be too long, friction will cause a retard- 
ation, but with a pipe three or four times as long 
as the diameter of orifice the effect is very 
marked. Such a pipe is called an ajutage, and 
the phenomena have been investigated by Bossut, 
Dubuat, and others. 
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$45. 'The motion of fluids through long pipes 
is of importance in the supply of water to towns, 
&c. But theory is unable to take into account 
every modifying circumstance. 



CHAP. 11. 

RESISTANCE OF FLUIDS TO BODIES IN MOTION. 

346. The conclusions of theory with regard to 
the resistance which fluids offer to motion are 
onlj approximation 89 and are true only under 
certain limitations. They are important, however, 
as the first steps to the truth* The principal 
conclusions are as follow. 

347. Proposition* If a plane surface move in 
a fluid in a direction perpendicular to itself ^ the 
resistance is ceteris paribus proportional to the 
area of the plane. 

This is deduced by supposing that the re-> 
sistance will depend on the number of articles 
which meet the plane : and it is evident, that if 
two areas moving with the same velocity are as 
2 : 1, the number of particles which will meet 
them in the same time are as 2 : 1, and so for 
any other ratio. 

This Proposition is however not strictly true : 
see below, art. 351. 
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348. Proposition. If a plane surface move in 
a Jluid in a direction perpendicular to itself^ the 
resistance is ceteris paribus proportional to the 
density of the fluid. 

This is evident, since it will meet with the 
greater number of particles in a given time ac- 
cording to the density. 

349. Proposition. If a plane move in a 
fluid in a direction perpendicular to itself j the , 

resistance ceteris paribus is proportional to the 
square of the velocity. 

For the number of particles which meet the 
plane in a given time will be proportional to the 
velocity, also the force of each particle will be 
proportional to the velocity ; and the product of 
these will express the resistance, which therefore 
is proportional to the square of the velocity. 

These Propositions may be enunciated to- 
gether, as follows. 

Proposition. If different planes move in di- 
rections perpendiculur to their surfaces in different 
fluids and with different velocities, the resistances 
uill be as the squares of the velocities X the 
densities of the fluids x the areas of the planes. 

350. Since the relative motion would be the 
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same, the resistance should be the same, if the 
planes are at rest, and the fluid moves against 
tfaem, the velocity of the stream being substituted 
for the velocity of the planes. Also, if both are 
in motion, the relative velocity must be put for 
the actual velocity of the planes. 

351. The above Propositions are only true 
within certain limits of the velocities. In high 
velocities the resistance increases much more 
rapidly. In the case of cannon balls, the re- 
sistance follows a different law, which is known 
by experiment. 

So also the Proposition of art. 347. is not strictly 
true ; observation and experiment would lead to 
a different conclusion. One main reason for this 
difference is to be found in the circumstance, that 
theory does not take into account the effect on the 
particles of the fluid after they have come into con- 
tact with the body. It supposes them to be at once 
annihilated, and to have no more effect; whereas 
they are heaped together in front, and so cause 
additional resistance- This would be remarkably 
the case if the plane were moving in a canal or 
trough, where the vertical section is not much 
greater than the plane. Hence a difference will 
be apparent, if the particles can easily pass by 

£ 
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the side of the body after they have once met 
it. 

Again, theory does not coosider the condition 
of the fluid behind the body. In high velocities 
a partial vacuum may be produced behind the 
moving body, and hence a current or indraught 
will follow the body, and this may affect the 
resistance in front. 

352. The following Propositions require the 
same qualifications, but they are nevertheless 
important as approximations. 

Proposition. Jf a plane move obliquely in a 
resisting medium with an uniform velocity, the 
effective resistance estimated in a direction per- 
pendicular to the plane ti-ill be proportional to the 
s^tare of the sine of the angle of inclination. 

For let AB (fig.) represent the plane moving 
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in a stream, and inclined at an angle i to the 
direction of the motion, so that each particle of 
the stream strikes the plane in a direction repre- 
sented by the arrow. In consequence of the 
inclination of the plane, the number of particles 
which meet in a given time is diminished. For 
suppose AB^ =8 AB to represent the same plane 
in a position perpendicular to the direction of 
motion, and let BC be perpendicular to AB , 
then it is evident that the number of particles 
which in a given time would meet AB is to the 
number which in the same time would meet AB 
in the ratio of 



AB^ 
: : AB 

or, : : I 



AC 
AC 

sin d.- 



Again, the effective force of each particle would 
be diminished. For if QP represent the force 
which a particle would exert on AB , or on a 
plane coming perpendicularly against it, draw 
QO perpendicular to AB, then QO represents 
the effective parts of the force, and 

QP : QO : : 1 : sin «. 
But the resistance, ceteris paribus, will be pro- 
portional to the number of particles multiplied 
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by the force of each, whence we obtain by mul- 
tiplying the above ratios, 

The resistance on AB' : resistance on AB : : 1 ; (sin 6)'. 

353. Itis sometimes necessary todeterminehow 
much of this resistance is opposed to tbe motion 
of the plane, and bow much is effectual in a 
direction perpendicular to that motion. This is 
easily ascertained by resolving the force, and 
hence, 

Proposition. TAe resistance on a plane moving 
obliquely, eslimated in the direction of the molioti, 
varies as the cube of the sine of the angle of 
inclination. 

For if QO (fig.) be taken to represent, as it may, 
tlie whole effec- 
tive resistance 
ontbeplaneAB, 
inclined as in 
tbe last Propo- 
sition, it may 
be resolved into 
QM, MO; of 
which QM is in 

the direction of the motion, and MO is perpen- 
•licular to it. It is easily shewn, that the angle 
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QOM = the angle QPO of the last fig. and 
therefore = i. Then the whole effective resist- 
tance on AB is to the part of it in the direction 
of the motion in the ratio of 

QO : QM 
: : I : sin i. 
But by the last, the whole effective resistance 
is proportional to the (sin S)'; hence, by multi- 
plying, the part in the direction of the motion is 
proportional to (sin J)'. 

354. Proposition. The resistance estimated in 
a direction at right angles to the motion varies as 
the square of the sine X the cosine of the angle 
of inclination. 

For, in the last figure, MO represents the part 
required. Therefore the whole effective resistance 
is to the part in a direction perpendicular to the 
motion in the ratio of 

QO : OM 
: : I : cos. i. 
Whence by multiplication the Proposition is 
proved. 

355. If in the three last Propositions, the area 
of the plane, the velocity and density of the fluid,' 
be not given, then the resistance will vary in the 
above ratios X the area of the plane X the square 
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of the velocity X the density of the fluid; Also 
if the fluid move, or if both plane and fluid move, 
we must use the relative veloeitv for the actual. 

356. The remarks in art. 851. are necessary to 
explain the discrepancies between theory and 
experiment in the case of railway trains, as well 
as when large bodies like ships are propelled 
through the water. In the former case, a large 
body of air is carried along with the train, and 
the resistance is found to be much less than 
theory would give. In the case of ships also, a 
portion of the water is put into motion, and a 
wave is produced which accompanies and bears 
up the vessel, carrying it along with it, so that the 
vessel experiences a less resistance than it other- 
wise would. 

Again it is found, that in a canal of narrow 
dimensions, if a boat is moved with a consider- 
able velocity, the boat rises on a wave which 
moves along with it, and the boat emerges, so 
that the resistance at 10 or 12 miles per hour is 
less than it would be at 6 miles per hour. ♦ 

On this subject, and also on the forms of waves, 
see the experiments of Mr. Scott Russell, in the 
Reports of the British Association for the Advance- 
ment of Science for 1835, 41, 42, 43, &c. and 
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also a paper of Mr. Macneill's in the Transactions 
of the Institution of Civil Engineers, vol. i. 

357. The following laws have been deduced 
by Mr. Scott Russell for the resistance on boats 
moving in canals. 

(1) That the rise or emergence depends on 
the velocity of the vessel. 

(2) That the resistance depends on the velocity 
or magnitude of the wave that is generated. 

358. The following further conclusions are 
also derived by Mr. Russell. 

(a) The resistance increases rapidly as the 
velocity of the body approaches the velocity of the 
wave : and is a maximum when they are equal. 

(/3) If the velocity of the body be greater than 
the velocity of the wave, the resistance dimi- 
nishes ; for the body is poised on the summit of 
the wave in stable equilibrium. 

(y) The velocity of the wave is independent of 
the breadth of the fluid, but varies as the square 
root of the depth. 

^8) In every navigable river there is a velocity 
with which it is easier to ascend against the 
current than to descend with it. 

(e) Vessels on the summit of the wave may 
move 20 or 30 miles per hour. 
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359. The experimeDts which have been made 
with regard to the forms of vessels have led also 
to certain important conclusions. 

It may be necessary first to state, however, that 
it has long been known that it is easier to move 
through water a cylinder of moderate length 
with the flat end foremost, than a circular plate 
of the same dimensions as the end of the cylinder 
in a direction perpendicular to its plane. Also, 
it is easiest to move a mast or tapering beam 
with the butt end foremost. These facts shew 
the importance of the form of the hinder part of 
the body. 

360. The rules established by the experiments 
carried on under the direction of the British 
Association are briefly these : 

(1) That there is no fixed ratio of breadth to 
length which is best. The longer the vessel, 
the faster (ceteris paribus) it will move. The 
breadth must be regulated by the burthen it is 
required to carry. 

(2) The section of greatest breadth should be 

3 

abaft the middle, about -r of the length from 
the bow. 

(3) The water lines should be hollow, of a form 
«nUed the wave form, at first concave, and then 
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convex, the entrance lines being generated from 
parabolic curves. 

(4) There is no necessity for balancing the 
body upon an axis, through the middle at right 
angles to its length : for the vessel is not to be 
poised on a centre, but it is to float and move in 
a fluid which supports it on all sides. 

These laws are, however, applicable to vessels 
propelled by steam on smooth water, rather than 
to ships with sails on a rough sea. 

361. In all cases, friction will increase resist- 
ance. A rough body will experience a greater 
impediment than a smooth one. 



CHAP. III. 

HYDRAULIC MACHINES. 



3(>2. The principles of Hydraulic machines, 
in which water is used as a moving power, are 
easily understood. 

In the overshot water wheel, represented in the 




annexed fig. the moving pwoer is the weight of 
water which flows into the buckets on the circum- 
ference of the wheel. There is a slight effect 
from the momentum of the water, but the effect 
is principally due to the weight. The weight is 
most efficacious in the middle of its descent, or 
when it arrives on a level with the axis, for then 
the leverage is the greatest. At the precisely 
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highest point, the weight would only produce 
pressure on the axis. 

The velocity with which the wheel revolves, is 
important for the effect. Theory would show 
that the slower the motion, the greater is the 
effect of the weight of the water, but if the motion 
is too slow, the friction and other disadvantages 
would neutralize the effect. The velocity cannot 
exceed the limit fixed by gravity, if the wheel 
moved faster than this, it would leave the water 
behind. 

The buckets should be so constructed as to 
retain the water as long as possible, and to get 
rid of it all at the lowest point. 

363. In the undershot wheel represented in fig. 
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the moving power is the momentum of water 
impinging against float boards on the circum- 
ference of the wheel. In these it is important to 
get rid of the water as soon as it has passed the 
lowest point, that none of it may be lifted by the 
ascending floats. 

364. Breast wheels partake of the properties of 
both the overshot and undershot wheels. The 
water is made to act on the floats just as they 
pass the level of the axis, and both the weight 
and momentum combine to produce the effect. 

365. Sometimes a horizontal wheel is em- 
ployed, where the water acts by its momentum 
on the floats. Such however are seldom em- 
ployed except for the sake of saving other 
machinery. In corn mills, for example, the mill 
stones may be placed immediately over a hori- 
zontal wheel, and there is no necessity to change 
the plane in which the motion is first produced. 

366. The reaction produced by water as it 
flows out of an orifice is sometimes employed 
for moving machinery. Barker's mill in various 
forms has been proposed to take advantage of 
this reaction. But the most efficacious machine 
on this principle is the Turbine of Fourneyron. 
For a description of this, see the paper and draw- 
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ings of Mr. Glyn, in the Report of the Proceed- 
ings of the British Association for 1847. 

367. There are various machines for raising 
water, such as the Persian Wheel, the Chain Pump, 
the Hair Rope Pump, in which the water is lifted 
up by contrivances which are improvements 
upon the simplest of all such machines for raising 
water, viz. the common bucket. To describe all 
these would extend the limits of this work. 

368. One machine, however, requires a more 
lengthened notice, viz. the Screw of Archimedes, 
which is very valuable for raising water through 
a moderate height, as in emptying excavations, 
&c. 

This machine in its simplest form consists of 
a tube, running in a spiral line round a cylinder. 
The cvlinder is moveable round an axis inclined 
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to the horizon. The action of the machine is 
this: let APQRS (fig.) represent the tube roaud 
the cylinder^ and let Q be the lowest point in 
the part of the ourve APQR; then a ball placed 
in the tube at any point P between A and Q 
will descend to Q. Now suppose the cylinder 
turned round its axis, so that the point A moves 
in the direction AaB, the point Q will ascend 
in a path parallel to BbA, and the point in the 
spiral next beyond Q will be brought to a posi- 
tion lower than that now occupied by Q, so that 
the ball will move to that or towards the upper 
extremity of the tube, and by the continued 
rotation of the cylinder will at last arrive at the 
upper orifice of the tube, and pass out. If the 
lower end be immersed in water, the particles of 
the water will travel along the spiral, when the 
cylinder is made to rotate in the same manner 
as theball moves, and it will flow out of the top 
as the rotation is maintained. 

The principle is simply this: if a ball be 
placed at the foot of an inclined plane, it may 
be made to move to the top, if the foot of the 
plane be lifted up to a higher level than the 
highest point. 
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In practice, the machine is constructed as in 
fig. with a spiral plate round an axis in the 




interior of a hollow cylinder, instead of a tube 
round tlie exterior. 



BOOK VL 



PNEUMATICS. 



CHAP. I. 

PROPERTIES OF ELASTIC FLUIDS, MORE ESPECIALLY 

OF AIR. 

369. The lawsof the equilibrium of fluids, which 
we considered in Book IV. apply equally to 
liquids and elastic gases. 

In elastic fluids, like non-elastic, the particles 
readily move one amongst the other, and they 
diffuse themselves not only laterally, but in all 
directions equally. The force of repulsion which 
exists amongst the particles or atoms causes 
this diffusion, and seems to ensure their perfect 
mobility. 

370. There seems to be a gradation between 
solids and liquids, so that it is difficult to draw 
a distinct line between them. There are bodies 
of imperfect fluidity, and some perfect liquids 

F 
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hare different degrees of liquidity, but there is 
no connexion and no gradation between elastic 
and inelastic fluids. 

371. Gases are for the most part without colour, 
highlj transparent, and of low specific gravity. 
In consequence of the force of repulsion, they 
are highly elastic and dilatable; and as every 
liquid exerts a pressure on the sides of any 
vessel which contains it, so elastic fluids exert a 
similar pressure in all directions upon the sur- 
faces by which they are bounded : this pressure 
is equal in all directions, and proportional to the 
force of expansion. If the resisting medium 
offer an equal resistance on all sides, the gas by 
virtue of this eccentric expansibility will assume 
a spherical form. 

872. The atmospheric air is the best type and 
the most important of all aeriform bodies. The 
air is to the other elastic fluids what water is to 
liquids. Besides, air and its mechanical pro- 
perties are more particularly the object of our 
present investigation, and these properties come 
under the branch of Science called Pneumatics. 
373. Air, as being material, has the properties 
of extension (15.), of impenetrability (16.), of in- 
ertia (26.), and also of that of weight as the 
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^ect of gravitation (27.). The weight of the air 
is ascertained and measured by the means which 
will be described in the next Chapter. 

374» The property of elaiSticity gives the air 
great importance as a mechanical agent, and 
produces many interesting pheenomena. 

From this property the air has a constant 
tendency to expand, or occupy a larger space. 
Hence if a mass of atmospheric air occupy a 
certain space, and a portion of it be taken away, 
the remainder instantly spreads itself out to fill 
up the whole space. In this new state it is 
rarefied, and has both a less density, and a less 
expansive force. 

375. In order conveniently to tafee away any 
portion of air, and to bring the air to any re- 
quired degree of rarity, the exhausting syringe. 
and the air pump are employed. The con- 
struction of the latter will be easily understood, 
by examining the action of an exhausting syringe, 
or of the simpler machine represented in the 
annexed figure. This machine consists 

1. Of a receiver R or chamber which is at the 
commencement filled with common air, but which 
is so closed that the outer air cannot enter* 
This may be a bell-shaped glass with a ground 
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edge, and fitted down accurately with a small 
quantity of lard on a smooth plate AB. In the 




ceijitre of this plate is a small aperture, from 

which a pipe leads to 

2. The barrel C FED, in which a solid piston 

P fitting accurately is made to work up and 

down by means of a handle. 

The pipe which leads from the receiver to the 

barrel has a stop-cock, as shewn at G, and a pipe 

leading from the side of the barrel nearest to the 

receiver is furnished with another stop-cock, as 

shewn at H. 

The mode of action of this machine is this : 
Suppose the piston P to be pushed down to 
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the end of the barrel towards CF, and let the 
cock G be open while the cock H is closed. If 
now the piston Pbe drawn towards DE, a vacuum 
would be caused between it and CF, were it 
not that the air in the receiver will in conse- 
quence of its elasticity expand. Hence as the 
piston is drawn out, the air in R will rush down 
the pipe and fill the barrel, so that the air which 
was before contained in the receiver, now occu-* 
pies a larger space, and becomes of less density. 
In this state, the stop-cock at G is closed, and 
then the one at H being opened, the piston P is 
forced back to the other end. This operation 
will drive out the air which was in the barrel, 
and if the piston goes close up to the end, there 
will be little or no air between it and the cock G. 
The first movement may be again repeated, H 
may be closed, G opened, and the piston P 
drawn towards ED. The air in R will expand 
still more, and will fill up the receiver and the 
barrel, becoming of still less density, and then 
G being closed, the portion in the barrel may be 
expelled as before. This operation may be con- 
tinued, and the air in the receiver will become 
at each outward movement of P of less density. 
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876. The law of the dimination of the density 
of the air in the receiver R is easily determined 
thus: 

Let R = the capacity of the receiTer and pipes 
leading to the barrel ; 
B SE the capacity of the barrel. 

Then since the same quantity which, before 
the piston was drawn up for the first time, occu- 
pied the receiver and pipe, now fills the larger 
space of receiver, pipe, and barrel, we have the 
density in the two conditions varying inversely 
as the space occupied; 

.•. density before : density after : : B-fR : B. 

The same proportion will hold after the 
second operation of drawing up the piston, and 
hence 

density after Ist operation : density after 2d : : B+B : B« 

Compounding these, 

density at 1st : density e£t&t 2d operation : : (B-f B)* : B*. 

So 

density at first : density after n operations : : (B+B)^ : B*. 

Hence the densities decrease in geometric pro- 
gression. 

877. The air pump acts on precisely die same 
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principle as the simple machine described above. 
It is a more perfect instrument, being furnished 
with self-acting valves instead of stop-cocks, 
which require die hand of the manipulator at 
each movement 

There are various constructions of air pumps, 
some having two exhausting barrels, some only 
one ; but the principle of every construction is 
ike same, the difference consisting chiefly in the 
valves which require to be constructed so as to 
act quickly and with great accuracy. 

The law of the diminution of density in the air 
pump is exactly the same as above. 

376. In order to mark the degree of exhaus- 
tion in the receiver, a gauge is employed. The 
most common is a Barometer Gauge, the prin* 
ciple of which will be understood from the next 
Chapter, where it will be explained. 

379. There are numerous beautiful and inte- 
resting experiments with the air pump, which 
illustrate the elasticity and pressure of the air. 
It would be out of place to describe such experi- 
ments here. It may be shewn also, that air is 
neoessary for the production of sound, for the 
support of animal life, and for the ordinary pro- 
eesses of combustion. The removal of the pros* 
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sure of the air is sufficient to cause some volatile 
liquids to pass from the liquid to the gaseous 
state*; and also the process of evaporation in 
a partial vacuum is so rapid, as under certain 
circumstances to cause water to change from the 
state of a liquid^ to that of solid ice. 

380. Air is also, as might be expected from 
the statements already made, highly (xyntpressible. 
By means of external force it can be condensed^ 
so that a given quantity is compelled to occupy 
a smaller space. Thus the density is increased, 
and also the force with which it endeavours to 
expand. 

381. Daily experience proves this property: 
but we may clearly establish it by means of a 
condensing syringe or pump, the principle of 
which is easily understood by aid of the figure. 
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The condensing syringe consists of a strong 
barrel or metallic cylinder, ABCD, in which an 
air-fight piston P may be worked up and down 
by the handle. At the end of the barrel is » 
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small orifice O, and at the opposite end an 
aperture in the middle, to which a pipe with a 
stop-cock G is attached. To this pipe a strong 
vessel R of metal or glass is fixed by a screw. 
The apparatus is worked thus ; the stop-cock G 
being opened, the piston is forced down ^the 
barrel, and drives before it into the receiver R 
the air which was in the barrel, and thus a 
quantity equal to the capacity of the barrel is 
forced in. When the piston arrives at the bottom, 
the cock 6 is closed, so that the air cannot 
return. The piston is then drawn up, and a 
vacuum is left behind it^ which as soon as the 
piston is drawn beyond O is instantly filled by 
the external air, which from its elasticity rushes 
in to supply the vacuum. The piston is now 
forced down below O, and if the stop-cock G be 
then opened, the air contained in the barrel will 
be driven by the descent of the piston into the 
receiver R. The stop-cock G is then closed, and 
a quantity of air equal to twice the capacity of 
the barrel has been driven into the receiver. 
The operation may be continued, and more air 
driven in as long as there is strength sufficient. 

382. A formula for the increase of density is 
deduced as follows : 
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Let R s: the oapaeity of receiver and pipe; 
B = the capaoity of barrel. 
Then since a quantity B is added each time, if 
we represent 

The density at first by R, 
Thedensityafteronedeseentof pistonsR XB, 

two =sR+2B, 

and so on ; and generally, 

the density after n descents =R«4-i»B 
Hence the densities increase in arithmetic pro- 
gression. 



CHAP. II. 

ON THE WEIGHT AND PKESSURE OF THE 

ATMOSPHERE. 

383. We have already stated, that the atmo- 
sphere has weight; this might at once be inferred 
from the fact, that it surrounds the earth on all 
sides, and it must be retained there by the 
attraction of the earth or the attraction of gravi- 
tation. If it were not retained by a force of this 
kind, it would by its elasticity expand and spread 
itself into all space. 

384. The weight of the air is clearly shewn by 
the celebrated experiment of Torricelli, who 
first established the truth, in opposition to the 
notion of nctture^s abhorrence ofvacuumy as asserted 
by ancient philosophers. 

The experiment of Torricelli is this: 
Take a glass tube 32 inches long or more, 
open at one end and closed at the other. Pour 
mef oury into the tube so as to fill it, and then 
applying the finger to the open end so as to 
prevent the escape of the mercury, invert the 
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tube and plunge the end into a basin of mercury. 
When the end is immersed, with- 
draw the finger, then it will be 
found that the mercury in the 
tube will not all run out into 
the basin, but that a certain 
portion only will escape; and 
the mercury in the tube will 
remain suspended in the tube 
at a height of about 30 inches 
above the level in the basin, 
presenting an appearance as in 
fig. where AB represents the 
tube, OED the level of the 
mercury in the basin, and EM 
the height of the mercury in 
the tube, or about 30 inches. 

385. The true cause of this phaenomenon was 
explained by Torricelli. The mercury is sup- 
ported in the tube by the pressure of the atmo- 
sphere acting on the surface of the mercury in 
the basin. In the space MA of the tube above 
the surface of the mercury there is a perfect 
vacuum, the air cannot enter there; and the equi* 
librium exists between the pressure of the column 
of mercury and the pressure of the atmosphere* 
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That this is the true explanation is proved by 
a very simple experiment. Place the basin and 
tube under the receiver of an air pump, and 
exhaust the air. The mercury will immediately 
fall in the tube as the air is removed, and it will 
rise again to its former height as soon as the air 
is re-admitted. 

386. From this experiment the pressure and 
the weight of the atmosphere can readily be 
calculated. 

The mercury is sustained by the pressure of 
the atmosphere, and by art. 316. when two fluids 
communicate in a bent tube, the altitudes at 
which they stand above the plane where they 
meet are inversely as their specific gravities. 
If then the atmosphere were homogeneous, or of 
the same density throughout its whole height, it 
would follow, that if 

H = the height of the atmosphere, supposed homogeneous, 
h ^ . . . mercury in the tube, 
8 =s the specific gravity of air, 
S = . . . . mercury, 
.'. H : h : : S : s. 

Now the specific gravity of mercury is about 
10437 times that of air; if then the barometer 
stand at 30 inches, 

H = 80 X 10487 inches, 
= 4348 fathoms, 
s= 4.9 miles nearly. 
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This value of H is called the height of an 
homogeneous atmosphere, and is of importasce 
in investigations on atmospheric pressure. 

387. We may also calculate from this ex* 
periment the pressure which the atmosphere 
exerts. For since the weight of a column of 
mercury whose base is 1 square inch, and altitude 
30 inchesi is 14.6lbs. this is equal to the weight 
of the column of atmosphere acting on an equal 
base. 

The pressure of the atmosphere therefore upon 
every square foot of surface is about 2l02lb8. 
when the mercury in the tube is at 30 inches. 

388. The experiment of Torricelli enables us 
therefore to weigh the atmosphere at all times 
with great accuracy, and hence a tube thus filled 
with mercury, and suspended in a basin of the 
same fluid, is called a Barometer. 

For the purposes of accurate experiment, the 
mercury should be perfectly pure, and all the air 
carefiiUy expelled from the tube. The tube 
itself should be quite clean, and of a smooth 
bore. It should be suspended in an exactly 
perpendicular position. 

With such an instrument it would soon be 
found that the weight of the air is not constant. 
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The height of the mercury in the tube would be 
oontinually varying from about 38«5 inches to a 
little above 30. The fluctuations in the pressure 
of the atmosphere are thus indicated, and may 
be observed with accuracy. 

In the apartments of the Royal Society 81 feet 
above the level of low water, the mean height of the 
mercury in the barometer during twenty-two 
years was 29.86 inches. The greatest height 
during the same period was 30.77 inches, and 
the lowest 28.18 inches. The mean annual range 
during the same time was 1.92 inches. 

389. Changes in the weight of the atmosphere 
generally precede changes in the weather. At 
the approach of wind or rain, the air is usually 
lighter, and hence the barometer exhibits a fall 
in the column of mercury ; whereas in fine wea« 
ther, or before fine weather, the air is heavier, 
and the mercury ascends. From this circum- 
stance the barometer is very much consuhed as 
a weather ghus, 

390. Different contrivances have been devised 
to make the variations in the column more easily 
observed. Thus in the wheel barometery the mer* 
cury as it descends or ascends is made to act on 
a lever index, which may be of any length, and 
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which moTes in front of a graduated dial plate. 
But this and every device of the kind interferes 
with the free motion of the mercury, and impairs 
the exact measurement of the length of the 
column. 

391. In accurate observations, it is necessary 
to measure the altitude of the mercury in the 
tube from the exact level in the basin ; but as 
the mercury ascends or descends, this level is 
continually shifting, for that which is forced up 
the tube comes from the basin, and so that 
which comes from the tube when the mercury 
descends, flows into the basin and raises the level. 
Hence in carefully constructed barometers, an 
arrangement is made by means of a screw to 
adjust the bottom of the basin, so that the sur- 
face of the mercury in it may be brought to one 
constant level. 

392. It is also necessary in the comparison of 
obsei*vations to introduce a correction for changes 
of temperature. Heat, as has been already 
observed, (art. 31.) aflfects the density of bodies, 
by causing them to expand. In hot weather, 
therefore, the mercury is specifically lighter, and 
so will stand higher for a given weight of the 
atmosphere. 
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393. The change of the weight of the atmo- 
sphere, arising from variations in temperature, is 
probably, in part at least, the cause of the diur- 
nal variation which the height of the column of 
inercury undergoes. It has been established 
that, cceteris paribtis, the column descends during 
the day, and rises during the night. Its descent 
is more rapid from 9 o'clock a. m. to 3 p. m. 
during which time it anpears from an average of 
eleven years^ observation, that the descent 
= .02976 of an inch. 

This diurnal variation is least daring the 
months of November, December, and January, 
but greatest during February, March, and April. 
It is also greatest near the tropics, but diminishes 
rapidly as the latitude increases, and it has not 
been detected in 74® N. lat. 

The range of the barometer is also much 
less within the torrid zone, and even in 
places of the same latitude it is of very different 
amount. 

394. In order to increase the scale or range 
of the barometer, it has been proposed to employ 
fluids of less specific gravity than mercury, but 
lighter fluids evaporate when the pressure of the 
atmosphere is removed. The vapour therefore fills 

6 
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the upper part of the tube, and so destroys the 
yaouum. 

A water barometer was, however, constructed 
by Daniel! in 1830, and set up in the apart' 
ments of the Royal Society. Great care was 
taken to exclude the air, and purify the water. 
At first it acted well, and its fluctuations were 
remarkable; but in about one year and a half 
it was found, that, in spite of every precaution, 
some gaseous yapour had insinuated itself, and 
its indications became inaccurate. The height 
of the column in the water barometer, would 
be 33 feet 9 inches, wh6n the mercurial column 
is 30 inches, reckoning the specific gravity of 
mercury to be 13j times that of water. 

^95. But the barometer is an instrument of 
great value, in enabling us to measure not only 
the weight of the atmosphere, but the law of its 
elasticity, and henee the heights of mountains, 
with great accrrracyr 

The law of its elasticity is expressed in that 
which is called Marriotte's law, which is thus 
stated. 

The density and elasticity of atmospheric air 
are directly as the force which compresses it. 
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This law was established by Marriotte by an 
experiment of the following kind^ 

Let ABCD, (fig.) represent a bentD 
tube with a long leg C D, the other 
end being hermetically sealed at A. 
Suppose the part AB to contain air 
in the natural state, i. e. in the state 
t>f the external atmosphere : and Let 
a small quantity of mercury be poured 
in, so as to shut in the air in A B. 
The shaded part in B C will repre- 
sent the mercury, which will stand at 
the same height in the two legs. 
Suppose also that the external air 
is in such a state, that the mercury 
in the barometer stands at 30 inches. 
Let now mercury be poured into the 
longer leg, it will be found that the 
air in AB is compressed, and is made 
to occupy a smaller space^ a little ^j^ 
mercury entering into the shorter leg, 
but the level in the two legs will not be equal. 
If then sufficient mercury be poured in, so as to 
cause it to stand in the longer leg, at a height of 
15 inches above the level in the shorter, vt6 
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have a pressure on the air in the shorter equal 
to 1^ or I atmospheres. If then the space 
occupied by the air be measured, it will be seen 
to be exactly f of that which the same quantity 
occupied before. Again, if more mercury be 
poured in, so that the height in the longer leg is 
30 inches above the level in the shorter, we have 
a pressure of 2 atmospheres, and the space 
occupied by the air will be ^ of that which it 
was at first. Similar results will be found with 
other pressures within certain limits* With a 
pressure of more than 4 atmospheres, the space 
occupied does not decrease according to the 
same law, nor does it seem possible to reduce 
the space beyond a certain point, when possibly 
the particles are brought into contact ; but within 
those limits the law is found to hold, and the 
experiment shews, that as the force of compres- 
sion increases, the space occupied diminishes : 
hence as the density is inversely as the space 
occupied, the density is directly as the force of 
compression. 

396. It may be shewn by mathematical formulae 
from this experiment, that the particles of at- 
mospheric air repel each other with forces 
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which are inversely as the distances, and hence 
the elastic force varies as the density and as 
the compressing force. 

397, By the help of this law, we may easily 
demonstrate the following important Proposi* 
tion. 

Proposition. If altitudes above the eartKa sur- 
face he taken which are in arithmetic progression^ 
the corresponding densities will decrease in 
geometric progression^ the force of gravity being 
considered as constant. 

Let APQa (fig.) represent a 
column of air, extending from the 
surface of the earth to the limits 
of the atmosphere. Conceive this 
to be divided into a great number 
of horizontal strata of equal thick- 
ness, beginning from the bottom, 
as by the lines Bb, Cc, Dd. It 
may be assumed that the density 
throughout each stratum is uni- 
form, for it is immaterial to the 
argument, if the thickness of each stratum be 
indefinitely thin. 

Let Si, 82, Ssy hf &c. represent the densities of each 
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Stratum, then the compressing force on each 
stratum will be proportional to the weight incum^ 
bent on each ; but, as each stratum is of equal 
volume, the weights will be proportional to the 
densities, by art« 295. 

.*. The force on AabB : force on BbcG :: 8%-|-^+ 2K4-J-&C. : Ss 

+ »4 + &c. 

But by Marriotte's law, art. 395, the compressing 
force of air is proportional to the density. 

.'. The force on AabB : force on Bbc C : : 81 : S2. 

Hence, 

•1 : 82 : : 82 -h 53 + *4 -h &©• • ^3 -h 84 + &e. 
: : 82 : 83> 

Sitdilarly, ' 

82 : 83 :: 83 : 84| 

Now since the strata are of equal thickness, as 
we pass from stratum to stratum we ascend by 
equal altitudes, or by an arithmetic progression ; 
and it is here shewn, that the densities are in 
continued proportion or in geometric progres- 
sion : and they manifestly decrease. 

398. It is a property of logarithms, that if 
numbers are in geometric progression, their 
logarithms are in arithmetic progression. Hence 
it follows, that the altitudes above the earth's 
surface are q,s the logarithms of the densities at 
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those altitudes, or rather as the logarithms of the 
rarities. Since the rarities will increase as the 
densities decrease. 

899« This condition is elegantly represented 
by means of a curve, which is known by the 
name of the Logarithmic Curre. It is a property 
of this curre, that if abscissae be taken which are 
in arithmetic progression, the corresponding or- 
dinates are in geometric progression. Hence, if 
AMT be drawn to 
represent the vertical 
to the earth's surface, 
and if AB represent 
the density of the air 
at the surface, and 
BP be a portion of 
the curve when the 
ordinates are de- 
creasing, then if AM 
represent any alti- 
tude above the sur- 
face, the corresponding ordinate MP will repre- 
sent the density at that altitude* 

Also the area contained between A B, the line 
AM produced indefinitely, and the curve BP also 
produced will be proportional to the weight of the 
i^mosphere superincumbent on the surface ; for it 
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is equal to the sum of all the densities. And so 
the area above MP, and between the same line 
MT produced, and the curve, will be proportional 
to the weight of the atmosphere superincumbent 
above the station M. Now it is a property of 
this curve that the whole area above A B is equal 
to A B multiplied by a line A T, which is equal 
to the subtangent of the curve, and this sub- 
tangent is of the same length for every point of 
the curve. Or the area above AB = the rec- 
tangle A TtB. So the area above MP = MP X 
the same constant subtangent = the rectangle 
MTit,P, if MT, = AT. But on the same prin- 
ciple on which the weight of the air is represented 
by the area of the curve, the rectangle A TtB 
will represent the weight of an atmosphere of 
the same density as A B throughout, or it repre- 
sents the weight of an homogeneous atmosphere. 
Hence, AT = the height of this homogeneous 
atmosphere. Further, since the rectangle MT,t|p 
represents the weight above M, it also represents 
the weight of an atmosphere homogeneous to that 
at M, or with the same density as MP throughout, 
and MT[ is the height of this homogeneous atmo- 
sphere, and this we have said is equal to AT or 
stant. 

mce the altitttde of an Jiomogeneom atmo9phere 
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at any point P above the eartVs surface is con- 
stant, the force of gravity and the temperature 
also being assumed the same. 

400. This important conclusion is deducible 
from Marriotte's law, by easy algebra. 

For let D = the density at any point P, 

H a* the altitude of the homogeneous atmosphere, 
C s» the compressing force of the air at P, 
W =a the weight of superincumhent air : 

.-. WocDH (art. 295,) 

orCocDH 
But by Marriotte's law, 

CocD 
Hence H oc 1 or is constant. 

401. These investigations are of great import- 
ance in the application of the barometer to the 
measurements of altitudes. 

If the force of gravity and the temperature 
were constant, a simple use of logarithmic 
tables would suffice to determine the altitudes 
from observation of the barometer. It would 
only be necessary to observe the heights of the 
mercury in the tube at two stations, and we 
should be able to compare the logarithms of the 
altitudes. But as we ascend, the force of gravity 
diminishes : in different parts of the earth's sur- 
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face also there is a variation in the force of 
gravity, owing to centrifugal force, and the oblate 
figure of the earth, (art. 244.) Again, the tem- 
perature is liable to continual fluctuations, and 
hence not only the air varies in weight, but the 
mercury itself is of different specific gravity. 
Hence the formulae for the determination of 
altitudes are not quite so simple. The investi- 
gation of a proper formula is not suited to the 
present work, but the following is given as one 
of the most simple and most easily deduced. 

Let h OB the height of the barometer at the lower station, 
t — the temperature of the air ... . 
T = .... mercuiy 

h| ■■ the height of the barometer at the npper station, 
t| s the temperature of the air ... . 
T| as . . • . mercury ... 
1 «B the latitude of the place, 

z sc the altitude of the upper station above the surface of 

the earth. 

Then z may be approximately found from the 
formula 

z «s E I log. h — log. ch I 

where 

60168 
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The factor fzz^S^^^^X «'"ses from the 
modulus of the system of logarithms, and the 
yariation of the force of gravity arising from the 
ellipticity of the earth, &c. 

The quantities T, Ti, t, ti, are expressed in 
degrees of Fahrenheit's thermometer, or the one 
in common use in England. * 

For the application of this formula, tables are 
constructed in order to facilitate computation. 

The most complete investigations on this sub- 
ject are those of Laplace Mecanique Celeste^ II* 
Partie, Livre x. Biot Astronomie Physique y tom. 
iii. A very elegant formula is also given by 
Francis Baily, Esq. F.R.S. in a small work, 
entitled Tables and Formulce, The First Vol. of 
the Astronomical Society's Transactions contains 
a very convenient formula by Professor Littrow, 
which does not require the use of logarithms. 

Bessel has also given a full investigation on 
the subject of barometric measurements in Schu- 
macher's Astronomische Nachrichten, vol. xv. 

402. A barometric tube is generally attached 
to air pumps as a convenient gauge to determine 
the progress of the exhaustion or the density of 
the air at the receiver. When thus employed, 
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the top of the tube instead of being closed so as to 
exclude the air is open, and the open top commu- 
nicates with the receiver. As the air is exhausted 
in the receiver, it is also exhausted in the tube; 
and as the other end dips into a basin of mercury, 
and the outer air has free access to the surface of 
the mercury in this basin, the pressure of the 
outer air will force mercury up the tube, as the 
pressure of the air is withdrawn from the tube. 
The ascent of the mercury in the tube will thus 
give a measure of the progress of the process of 
exhausting the receiver, for the amount by which 
the mercury in the tube is below the altitude 
of the mercury in the barometer at the time, 
will give an exact value of the density of the air 
in the receiver. If all the air could be taken 
from the receiver, the mercury in the gauge 
would rise to the altitude of that in the barometer. 
But such an exhaustion cannot be produced by 
the air pump. 



CHAP. HI. 

S PUMPS AND SVPHONS. 



403. The discovery of the principle of the 
barometer discarded the notion of "nature's 



abhorrence of a 
vaouum," and led 
to the true expla- ^ 
nation of all those 
phtenonienawhich 
were and are still 
Tulgarly ascribed 
to suction. 

The most com" 
mon form of water 
pump is still gene- 
rally called the 
suction pump. Its 
construction and 
principle are 

easily understood, 
by reference to 
the adjoining dia- 
gram. It con- 
sists of a tube or 
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pipe which descends below the level of the watet 
in the well G D. The upper part of this tube 
is generally made of larger dimensions than 
the lower, and it is called the barrel^ while the 
lower part . is called the suction pipe. Within 
the barrel is an air-tight piston P, which is 
made to work up and down by means of a rod 
attached to a lever or handle GFFf. There are 
also two valves opening upwards, the lower one 
V is fixed at the bottom of the ban-el, the other 
one V is in the middle of the piston. 

The action is thus explained. Suppose the 
piston P to be depressed to its lowest position, 
and then let it be drawn up. Since it is air-tight, 
a vacuum would, in consequence of this operation, 
be formed in the baVrel between P and V ; but 
the air in the suction pipe, in consequence of its 
elasticity, lifts up the valve V, and fills up the 
barrel. The air that was in the suction pipe is 
thus expanded, and consequently, losing some 
part of its force, is no longer able to resist the 
pressure of the external atmosphere, which acts 
on the surface of the water in the well, and 
hence this external pressure forces some of the 
water up the pipe, until the weight of the column 
f water so forced up, together with the pressure of 



ON PVMP& AND SYiPHONS. Q9& 

the air that now occupies the barrel and the upper 
part of the pipe, exerts a pressure equal to the 
pressure of the atmosphere. When the piston 
has been raised to the highest point, let it be 
depressed. In this descent it would naturally 
drive back the air that is in the barrel, but the 
air thus driven back closes the valve V, and so 
prevents the expulsion of the column of water 
which has been raised in the suction pipe. The 
piston as it continues its descent condenses the 
air which is then confined in the barrel, and this 
becoming of greater density than the external 
air, forces open the valve v in the piston and 
escapes, until it is reduced to the state of the ex- 
ternal air, and if the piston descends close to V, 
all the air in the barrel would be driven out 
through the valve v. 

The piston is then drawn up again, the valve 
V closes by the pressure of the air, a vacuum or 
a partial one is formed beneath it, the air at the 
top of the suction pipe opens the valve V, it 
expands, and becomes of less elasticity, the ex- 
ternal air forces more water into the pipe, until 
equilibrium is restored. 

The piston again descends, and the air in the 
barrel is driven out through the valve v as before, 
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aud the operation is continued. Each time 
that the piston is raised, the \vater ascends in 
the suction pipe, until at length it rises above the 
lower valve. When the piston then descends, 
this water being incompressible lifts the valve v, 
and rises above the piston, and at the next 
ascent is lifted with it, since the valve prevents 
its return. The water is thus raised up to the 
level of the spout, through which it escapes. 

If the piston be continued to work, more water 
will be continually forced into the suction pipe 
by the pressure of the atmosphere on the surface 
of the water in the well, and each ascent of the 
piston will bring up a fresh supply to the spout. 

The discharge of the water jfrom the spout 
will not be at all in a continuous stream : to 
remedy this inconvenience, a cistern is constructed 
at the top of larger section than the barrel, and 
the spout is of such dimensions as not to empty 
the cistern all at once. 

404. Since the atmospheric pressure will only 
sustain a column of water equal to about 33 feet 
9 inches, when the mercury in the barometer 
stands at 30 inches, (art. 394.) it would not be pos- 
sible to raise water by such a pump, if the height 
exceeds 33 feet 9 inches, nor could it be raised 
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»o high when the barometer is low^r. In prac^ 
tice, a suction pump is not employed to raise 
water to a height exceeding 30 feet, for it is 
found more convenient not to make the piston 
quite air-tight in order to diminish friction. It 
is sufficient to make it work water'-tighU 

405* It is found also in practice, that the velo* 
city with which the pump is worked should not 
be less than that of 4 inches in one second, not 
greater than 24 or 30 inches. The length of 
the stroke should be as long as convenient to 
the operator. 

406, The force requisite to work the pump 
must be at least sufficient to lift a column of 
water, whose base is the area of the piston, and 
whose height equals the height of the water in the 
cistern above the surface of the well ; to which 
must be added the weight of the piston, and the 
resistance occasioned by friction. 

407. If the height through which the water 
must be raised exceed 30 feet, other construe* 
tions must be employed. That in most common 
use is the Forcing pump. 

This in its usual form differs from the suction^ 
in having no valve in the piston, which is solid, 
and either in itself must be perfectly air-tight, or 
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the rod mast work in a collar so as to be air-tight. 

The spout or deliverypipe (fig.) 

is in the barrel a little way 

above the Talve V at the 

bottom of the barrel, and this 

delivery pipe is furnished with 

a valve v opening outwards. 

The action of this construc- 
tion is this. At first when the 
piston descends it expels the 
air contained in the barrel 
through the valve v. As it 

ascends, water is driven up 
the pipe below V by the 

action of the atmosphere, as 

in the suction pump, and thus 

the pipe and barrel are filled 

with water. The piston now 

is forced down, and drives the 

water through the valve v and 

up a delivery pipe, which may 

be of any length and extend 

to any altitude, if the force 

applied to the piston be sufficient. 

408. The force to be applied is divided into 

two parts ; one part is employed in causing the 
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asoent of the pistoD, and this is estimated exactly 
as in the suction pump, since the water is raised 
into the barrel on that principle ; the other must 
be sufficient to lift a column of water whose base 
is the area of the piston, and whose altitude is 
equal to the height through which the water is 
forced. 

409. Another form of pump is sometinieB em- 
ploy ed,whioh i s c ailed 
from its action, a lift- 
ing pump. 

The annexed dia- _ 

gram will assist in ex- 
plaining its principle. 
C F E D represents the 
well,andCDtbelevel 
of the water. B A re- q 
presents a pipe fur- 
nished with a valve 
as at V opening up- 
wards; P is a piston 
worked up and down 
in the lower part of 
the pipe, and furnish- 
ed with a valve v in 
the middle opening 
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upwards. This piston is worked up and down 
by a frame cfed, which is connected by means 
of a long rod, with a pump handle or lever at 
the top. The action of this will be easily under- 
stood from the descriptions already given. As P 
is drawn upwards, it lifts before it the water above 
the valve v, which then opens the valve V, and 
passes into the tube above it. As P descends, 
the water which has been lodged above Y cannot 
return, for V will close. Hence a vacuum would 
be formed below V by the descent of P, but the 
air acting on the surface of the water in the well 
presses water through the valve v to supply the 
place of that which has been lifted above Y, and 
this water is at the next ascent of the piston 
lifted up above Y, and so on continually. 

410. The limits of such a construction depend 
on the strength of the operator. The force 
necessary to be employed for equilibrium is 
equal to the column of water whose base is the 
area of the piston P, and altitude equal to the 
height through which the water is lifted. Of 
course, by diminishing the area of the piston P, 
the force necessary to work this or either of the 
two last constructions is diminished in the pro- 
portion of the diminution. 
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411. In theory, the pipes and ban-els of any of 
these pumps may be inclined at an angle to the 
horizon, and the delivery pipes in the forcing 
and lifting pumps may be bent round any 
angles, or in any curves in any planes. No 
account is taken of the friction of the water in 
the pipe, or of the effects of joints and elbows. 
Theory regards only the height to which the 
water is raised ; but it is found in practice that 
angles, and. especially any bulgings in the pipes, 
materially affect the passage of the water. The 
pipes should be as short and therefore as straight 
as possible. It is found also, that if it should be 
necessary to force or lift water to a cistern 
20 feet above the level of the pump, but 
100 feet. off in a horizontal direction, that it 
would be most advantageous to raise the water 
to a height of somewhat more than 20 feet 
immediately over the pump, and then allow it to 
run down to the cistern by its own gravity. 

412. In the common construction of the force 
and lifting pump, the stream is intermittent. 
This causes a great jar in the pipe through which 
it is driven, and is accompanied with noise. To 
remedy this inconvenience, the water is driven 
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first into an air vessel close or near to the 
barrel, as shewn iu 
fig. where LMNO 
represents the air 
vessel, which is fur- 
nished with a pipe 
RT passing through 

the top and reaching 

nearljlothe bottom. 
The water is forced 

into this air vessel o 

on the descent of 
the piston in the 
force pump, and 
oompresses the air 
in the vessel, which 
is thus made to oc- v 
oupy the upper part 
of the vessel, as 
LloO in a denser 

state, and consequently with a greater elasticity. 
This force of elasticity would cause the air to 
return on the ascent of the piston; but the valve 
V closes, and the continued action of this pres- 
sure of the air in the upper part of the vessel 
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forces the water up the pipe RT in a constant 
stream. 

413. The jlre engine is a double forcing pump 
furnished with an air vessel. 

414. If the height to which tlie water is raised 
be great, it is found that some portion of the air 
becomes, in consequence of the great pressure, 
mixed with the water, and so is carried away 
with it. By this means the vessel becon^es 
gradually emptied of its air and filled with water, 
when it ceases to act. In such a case it must 
be emptied, and filled again with air. This 
may be done by means of a stop-cock. 

415. The principles already laid down are 
sufficient to explain the action of all other 
hydraulic engines and instruments. One other 
may be properly mentioned here. 

The»*%pAo/i is a very simple and very useful 
instrument. It is very valuable as a means of 
removing a liquid from one vessel to another 
without inverting the first vessel, or making an 
orifice in the side, or in any way disturbing the 
vessel from which the liquid is removed. It is 
simply a bent tube with one leg longer than the 
other. When it is employed, the shorter leg is 
plunged into the liquid to be removed, as in 
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fig. The air is drawn out by the application of 
the mouth to the lower end 

of the long leg, or by an ex- 
hausting Byringet and tbug 
the whole is filled with the 
liquid by the pressure of 
the air on the surface of the 
vessel into which the short 
leg is plunged. The mouth 
or syringe is then with- 
drawn. The liquid in the 
part DE, below the level 
of the liquid in the vessel, 
is not counterbalanced. It therefore begins to 
flow out at £, and in so doing leaves a vacuum 
behind it at D; the pressure of the air on the 
sur&ce of the water in the vessel forces more 
water up BC, and over C to supply this v&cuum, 
and thus a continuous stream is discharged at E 
as long as the end is beneath the surface of the 
liquid, and the point E is below this level. 

The air is more conveniently exhausted by 
means of a small pipe attached to it, and enter* 
ing the tube a little above the lowest end E. 

416. The Wurtemburg Syphon is a very con- 
venient form of this instrument. It is repre- 
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sen ted in the annexed fig. This when once 
filled will remain al- 
ways so, provided it 
be kept in the vertical 
position, and the waste 
from evaporation sup- 
plied. It may, when 
filled, be kept hung 
up, and when required 
it may be taken down, 
and one end being 
plunged into the liquid, 
a stream will immediately issue from the other, 
if it is below the level of the liquid in the vessel. 
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